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Abstract. We develop elements of a general dilation theory for operator- 
valued measures. Hilbert spa<;e operator-valued measures are closely related 
to bounded linear maps on abelian von Neumann algebras, and some of our 
results include new dilation results for bounded linear maps that axe not neces- 
sarily completely bounded, and from domain algebras that are not necessarily 
abelian. In the non-cb case the dilation space often needs to be a Banach 
space. We give applications to both the discrete and the continuous frame 
theory. There arc natural associations between the theory of frames (includ- 
ing continuous frames and framings), the theory of operator- valued measures 
on sigma-algcbras of sets, and the theory of continuous linear maps between 
<7*-algebras. In this connection frame theory itself is identified with the special 
case in which the domain algebra for the maps is an abelian von Neumann al- 
gebra and the map is normal (i.e. ultraweaJdy, or u-weaJcly, or w*) continuous. 
Some of the results for maps extend to the case where the domain algebra is 
non-commutative. It has been known for a long time that a necessary and suf- 
ficient condition for a bounded linear map from a unital C*-algebra into B{H) 
to have a Hilbert space dilation to a *-homomorphism is that the mapping 
needs to be completely bounded. Our theory shows that even if it is not com- 
pletely bounded it still has a Banach space dilation to a homomorpliism. For 
the special case when the domain algebra is an abelian von Neumami algebra 
and the map is normal, we show that the dilation can be taJsen to be nor- 
mal with respect to the usual Banach space version of ultraweaJj topology on 
the range space. We view these results as generalizations of the known result 
of Caazaza, Han and Larson that arbitrary framings have Banach dilations, 
and also the known result that completely bounded maps have Hilbertian di- 
lations. Our methods extend to some cases where the domain algebra need 
not be commutative, leading to new dilation results for maps of general von 
Neumann algebras. This paper was motivated by some recent results in frame 
theory and the observation that there is a close connection between the anal- 
ysis of dual pairs of frames (both the discrete and the continuous theory) and 
the theory of operator- valued measures. 
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Introduction 



We investigate some natural associations between the theory of frames (in- 
cluding continuous frames and framings), the theory of operator- valued measures 
(OVM's) on sigma algebras of sets, and the theory of normal (ultraweakly or w* 
continuous) linear maps on von Neumann algebras. Our main focus is on the dila- 
tion theory of these objects. 

Generalized analysis-reconstruction schemes include dual pairs of frame se- 
quences, framings, and continuous versions of these. We observe that all of these 
induce operator-valued measures on an appropriate cr-algebra of Borel sets in a 
natural way. The dilation theories for frames, dual pairs of frames, and framings, 
have been studied in the literature and many of their properties are well known. 
The continuous versions also have a dilation theory, but their properties are not as 
well understood. We show that all these can be perhaps better understood in terms 
of dilations of their operator-valued measures and their associated linear maps. 

There is a well known dilation theory for those operator-valued measures that 
are completely bounded in the sense that their associated bounded linear maps be- 
tween the operator algebra L°° of the sigma algebra and the algebra of all bounded 
linear operators on the underlying Hilbert space are completely bounded maps (cb 
maps for short). In this setting the dilation theory for operator- valued measures is 
obtained naturally from the dilation theory for cb maps, and cb maps dilate to *- 
honiomorphisms while OVM's dilate to projection- valued measures (PVM's), where 
the projections are orthogonal projections. We develop a general dilation theory for 
operator valued measures acting on Banach spaces where operator-valued measure 
(or maps) are are not necessarily completely bounded. Our first main result (The- 
orem I2.3ip shows that any operator- valued measure (not necessarily completely 
bounded) always has a dilation to a projection- valued measure acting on a Banach 
space. Here the dilation space often needs to be a Banach space and the projections 
are idempotents that are not necessarily self-adjoint (c.f. |DSc| ). 

Theorem A^LetE-.T.^ B{X,Y) be an operator-valued measure. Then there 
exist a Banach space Z , bounded linear operators S : Z Y and T : X Z , and 
a projection-valued probability measure F : T, ^ B{Z) such that 

E{B) = SF{B)T 

for all B eT.. 

^We are enumerating what we feel are perhaps the most important of our contributions by 
labehng them A, B, C, D, E, .... with the order not necessarily by order of importance but simply 
by the order of appearance in this manuscript. We thank the referee for making a suggestion 
along these lines in order to help the reader. 
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We will call (F, Z, S, T) in the above theorem a Banach space dilation system, 
and a Hilbert dilation system if Z can be taken as a Hilbert space. This theorem 
generalizes Naimark's (Neumark's) Dilation Theorem for positive operator valued 
measures. But even in the case that the underlying space is a Hilbert space the 
dilation space cannot always be taken to be a Hilbert space. Thus elements of the 
theory of Banach spaces are essential in this work. A key idea is the introduction of 
the elementary dilation space (Definitions 12.221 and I2.24|) and the minimal dilation 
norm || • ||q, fDefimtion l2.28p on the space Me of bounded measurable functions on 
the measure space for an OVM: The minimal dilation norm || • ||q, on Me is defined 

by 



N 

E 



C,E 



sup 



N 

E 



C^E{B n B,)x, 



for all Y^f^i CiEBi,xi G Me- Using this we show that every OVM has a projection 
valued dilation to the elementary dilation space, and moreover, || • ||q is a minimal 
norm on the elementary dilation space (see Theorem 12.261 and Theorem 12.301 ) . 

Theorem B Let E : Ti ^ B{X, Y) be an operator-valued measure and {F, Z, S, T) 
be a corresponding Banach space dilation system. Then we have the following: 

(i) There exist an elementary Banach space dilation system {F-p, Me,-d, St>, Tt>) 
of E and a linear isometric embedding 



U : Me.v 



such that 



Sv = SU, F{n)T = UT-D, UFv{B) = F{B)U, VB G S. 
(ii) The norm \\-\\a is indeed a dilation norm. Moreover, If V is a dilation norm 



of E, then there exists a constant Ct> such that for any CiEBi,xi G Me^v, 



sup 



< Cv 



N 



where N > 0, {C,}^^^ C C, {xijfL^ C X and {B,}^^^ C S. Consequently 

||/IU<Ci,||/||i,, V/eMs. 



Framings are the natural generalization of discrete frame theory (more specifi- 
cally, dual-frame pairs) to non-Hilbertian settings. Even if the underlying space is 
a Hilbert space, the dilation space for framing induced operator valued measures 
can fail to be Hilbertian. This theory was originally developed by Casazza, Han 
and Larson in [CHLj as an attempt to introduce frame theory with dilations into 
a Banach space context. The initial motivation for the present manuscript was to 
completely understand the dilation theory of framings. In the context of Hilbert 
spaces, we realized that the dilation theory for discrete framings from [CHLj in- 
duces a dilation theory for discrete operator valued measures that may fail to be 
completely bounded in the sense of (c.f. [Pa]). While in general an operator- valued 
probability measure does not admit a Hilbert space dilation, the dilation theory can 
be strengthened in the case that it does admit a Hilbert space dilation (Theorem 
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Theorem C Let _B : S — > B{'H) be an operator-valued probability measure. If E 
has a Hilbert dilation system (E, H, S,T), then there exists a corresponding Hilbert 
dilation system {F, IC,V* ,V) such that V : H ^ IC is an isometric embedding. 

This theorem turns out to have some interesting applications to framing induced 
operator valued measure dilation. In particular, it led to a complete characteriza- 
tion of framings whose induced operator valued measures are completely bounded. 
We include here a few sample examples with the following theorem: 

Theorem D Let (xi, yi)igN be a non-zero framing for a Hilbert space and E 
be the operator-valued probability measure induced by {xi,yi)i^fq. Then we have the 
following: 

(i) E has a Hilbert dilation space K, if and only if there exist a^, /3i G C, i G N 
with OiiPi — 1 such that {aiXi}i(z^ and {Piyi\ien both are the frames for the Hilbert 
space H. 

(ii) E is a completely bounded map if and only if {xi^yi\i^^ can be re-scaled to 
dual frames. 

(Hi) If inf llxjil • \\yi\\ > 0, then we can find ai,f3i G C,z G N with aifii = 1 
such that {aiXi\i!^^ and {/3iyi}igN both are frames for the Hilbert space %. Hence 
the operator-valued measure induced by {xi,yi\i^^ has a Hilbertian dilation. 

For the existence of non-rescalable (to dual frame pairs) framings, we obtained the 
following: 

Theorem E There exists a framing for a Hilbert space such that its induced 
operator-valued measure is not completely bounded, and consequently it can not 
be re-scaled to obtain a framing that admits a Hilbert space dilation. 

The second part of Theorem E follows from the first part of the theorem and 
Theorem D (ii). This result also gives an example of a framing for a Hilbert 
space which is not rescalable to a dual frame pair. For the existence of such an 
example, the motivating example of framing constructed by Casazza, Han and 
Larson (Example 3.9 in |CHL| ) can not be dilated to an unconditional basis for 
a Hilbert space, although it can be dilated to an unconditional basis for a Banach 
space (Theorem 4.6, [CHL ). We originally conjectured that this is an example 
that fails to induce a completely bounded operator valued measure. However, it 
turns out that this framing can be re-scaled to a framing that admits a Hilbert 
space dilation (see Theorem 15. 4|) . and consequently disproves our conjecture. Our 
construction of the new example in Theorem E uses a non-completely bounded map 
to construct a non-completely bounded OVM which yields the required framing. 
This delimiting example shows that the dilation theory for framings developed in 
[CHL| gives a true generalization of Naimark's Dilation Theorem for the discrete 
case. This nontrivial example led us to consider general (non-necessarily-discrete) 
operator valued measures, and to the results of Chapter 2 that lead to the dilation 
theory for general (not necessarily completely bounded) OVM's that completely 
generalizes Naimark's Dilation theorem in a Banach space setting, and which is 
new even for Hilbert spaces. 

Part (iii) of Theorem D provides us a sufficient condition under which a framing 
induced operator-valued measure has a Hilbert space dilation. This can be applied 
to framings that have nice structures. For example, the following is an unexpected 
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result for unitary system induced framings, where a unitary system is a countable 
collection of unitary operators. This clearly applies to wavelet and Gabor systems. 

Corollary F Let and ^2 be unitary systems on a separable Hilbert space %. 
If there exist x,y £ % such that {^ix,^2y} is a framing ofH, then {"^ix} and 
{'^2?/} both are frames for %. 

One of the important applications of our main dilation theorem (Theorem l2.3ip 
is the dilation for not necessarily cb-maps with appropriate continuity properties 
from a commutative von Neumann algebra into B(H) (Theorem 14. 7|) : 

Theorem G If A is a purely atomic abelian von Neumann algebra acting on a sepa- 
rable Hilbert space, then for every ultraweakly continuous linear map (/) : A ^ B{'H), 
there exists a Banach space Z, an ultraweakly continuous unital homomorphism 
TT : ^ — >■ B{Z), and bounded linear operators T -.H ^ Z and S : Z ^ H such that 

4>{a) = S'n:(a)T 

for all a £ A. 

The proof of Theorem G uses some special properties of the minimal dilation system 
for the induced operator valued measure on the space (N, 2'*'). Motivated by some 
ideas used in the proof of Theorem G, we then obtained a universal dilation result, 
Theorem 14. 101 for bounded linear mappings between Banach algebras. 

Theorem H Let £/ be a Banach algebra, and let (j) : .s/ B{'H) be a hounded 
linear operator, where H is a Banach space. Then there exists a Banach space Z, a 
bounded linear unital homomorphism tt : — > B(Z), and bounded linear operators 
T :% Z and S : Z ^ % such that 

4>{a) — STr{a)T 

for all a G 

We prove that this is a true generalization of our commutative theorem in an 
important special case (see Remark 14.111) . and generalizes some of our results for 
maps of commutative von Neumann algebras to the case where the von Neumann 
algebra is non-commutative (see Theorem 14.121 and Corollarv I4.13|) . For the case 
when £/ is a von Neumann algebra acting on a separable Hilbert space and (f> is 
ultraweakly continuous (i.e., normal) we conjecture that the dilation space Z can 
be taken to be separable and the dilation homomorphism tt is also ultraweakly 
continuous. While we are not able to confirm this conjecture we shall prove the 
following: 

Theorem I Let K, H be Hilbert spaces, A C B{K) be a von Neumann algebra, 
and (f> : A ^ B{H) be a bounded linear operator which is ultraweakly-SOT con- 
tinuous on the unit ball Ba of A. Then there exists a Banach space Z, a bounded 
linear homeomorphism n : A ~> B{Z) which is SOT-SOT continuous on Ba, and 
bounded linear operator T : H ^ Z and S : Z ^ H such that 

(f){a) — STr{a)T 

for all a £ A. If in addition that K, H are separable, then the Banach space Z can 
be taken to be separable. 
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These results are apparently new for mappings of von Neumann algebras. They 
generalize special cases of Stinespring's Dilation Theorem. The standard discrete 
Hilbert space frame theory is identified with the special case of our theory in which 
the domain algebra is abelian and purely atomic, the map is completely bounded, 
and the OVM is purely atomic and completely bounded with rank-1 atoms (Remark 

MB- 

The universal dilation result has connections with Kadison's similarity prob- 
lem for bounded homomorphisms between von Neumann algebras (see the Re- 
mark 4.14). For example, if £/ belongs to one of the following classes: nuclear; 

= B(H); has no tracial states; £/ is commutative; //i-factor with Murry and 
von Neumann's property F, then any non completely bounded map (p : B{H) 
can never have a Hilbertian dilation (i.e. the dilation space Z can never be a Hilbert 
space) since otherwise tt : ^ — ^ B{Z) would be similar to a *-homomorphism and 
hence completely bounded and so would be <j). On the other hand, if there exists a 
von Neumann algebra is/ and a non completely bounded map <f) from £^ to B(H) 
that has a Hilbert space dilation: ir : £/ B{Z) (i.e., where Z is a Hilbert space), 
then TT will be a counterexample to the Kadison's similarity problem since in this 
case TT is a homomorphisim that is not completely bounded and consequently can 
not be similar to a *-homomorphisim. 

It is well known that there is a theory establishing a connection between general 
bounded linear mappings from the C*-algebra C{X) of continuous functions on 
a compact Hausdorf space X into B{H) and operator valued measures on the 
sigma algebra of Borel subsets of X (c.f. |Pa| ) . If A is an abelian C*-algebra 
then A can be identified with C{X) for a topological space X and can also be 
identified with C{/3X) where /3X is the Stone-Cech compactification of X. Then 
the support u-algebra for the OVM is the sigma algebra of Borel subsets of /3X 
which is enormous. However in our generalized (commutative) framing theory A 
will always be an abelian von Neumann algebra presented up front as L°°{Q, S, /i), 
with n a topological space and S its algebra of Borel sets, and the maps on A into 
B{H) are normal. In particular, to model the discrete frame and framing theory 
is a countable index set with the discrete topology (most often N), so E is its 
power set, and fi is counting measure. So in this setting it is more natural to work 
directly with this presentation in developing dilation theory rather than passing to 

and we take this approach in this paper. 

We feel that the connection we make with established discrete frame and fram- 
ing theory is transparent, and then the OVM dilation theory for the continuous 
case becomes a natural but nontrivial generalization of the theory for the discrete 
case that was inspired by framings. After doing this we attempted to apply our 
techniques to the case where the domain algebra for a map is non-commutative. 
This led to Theorem H. However, additional hypotheses are needed if dilations of 
maps are to have strong continuity and structural properties. For a map between 
C*-algebras it is well-known that there is a Hilbert space dilation if the map is 
completely bounded. (If the domain algebra is commutative this statement is an 
iff.) Even if a map is not cb it has a Banach space dilation. We are interested 
in the continuity and structural properties a dilation can have. Theorem G shows 
that in the discrete abelian case, the dilation of a normal map can be taken to 
be normal and the dilation space can be taken to be separable, and Theorem I 
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tells US that with suitable hypotheses this type of result can be generalized to the 
noncommutative setting. 

The dilation theory developed in this paper uses Hilbert space operator algebra 
theory and aspects of Banach space theory, so we try to present Banach space 
versions of Hilbert space results when we can obtain them. Some of the essential 
Hilbert space results we use are proven more naturally in a wider Banach context. 
The rest of the paper is organized as follows: Chapter one contains preliminary 
results and some exposition. In chapter two we develop our theory of Banach space 
operator-valued measures and the accompanying dilation theory. Operator valued 
measures have many different dilations to idempotent valued measures on larger 
Banach spaces (even if the measure to be dilated is a cb measure on a Hilbert space) 
and a part of the theory necessarily deals with classification issues. Chapter three is 
devoted to some additional results and exposition for Hilbert space operator- valued 
framings and measures, including the non-cb measures and their Banach dilations. 
It contains exposition and examples on the manner in which frames and framings 
on a Hilbert space induce natural operator valued measures on that Hilbert space. 
The reader might well benefit by reading this chapter first, although doing that 
would not be the natural order in which this theory is presented. In chapter four 
we present our results on dilations of linear maps in the non-commutative case. In 
chapter five, we give the detailed construction of the important example in Theorem 
E, and prove that the example constructed in [CHLj indeed induces a completely 
bounded operator valued measure. 

We wish to thank a list of our friends and colleagues for many useful comments 
and suggestions on the preliminary version of this work. This list includes (but not 
limited to) David Blecher, Pete Casazza, Don Hadwin, Richard Kadison, Victor 
Kaftal, Vern Paulsen, Gelu Popescu, Zhongjin Ruan and Roger Smith. We would 
also like to thank the anonymous referee for many good suggestions that help us 
improve the presentation of the paper. 
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Preliminaries 

1.1. Frames 

A frame J- for a Hilbert space "H is a sequence of vectors C % indexed by 
a countable index set J for which there exist constants < A < i? < oo such that, 
for every x E H, 

(1.1) A\\xf<Y,\{^,^n)\^<B\\xr. 

ngJI 

The optimal constants (maximal for A and minimal for B) are known respectively 
as the upper and lower frame bounds. A frame is called a tight frame if A = B, 
and is called a Parseval frame if A = B = 1. If we only require that a sequence 
{x„} satisfies the upper bound condition in (jl.ip . then {xn} is also called a Bessel 
sequence. 

A frame which is a basis is called a Riesz basis. Orthonormal bases are special 
cases of Parseval frames. It is elementary that a Parseval frame {xn} for a Hilbert 
space % is an orthonormal basis if and only if each Xn is a unit vector. 

For a Bessel sequence its analysis operator is a bounded linear operator 

from n to ^2(N) defined by 

(1.2) 6x = {x,Xn) e„, 

neN 

where {e„} is the standard orthonormal basis for ^^(N). It can be easily verified 
that 

0*e„ = Xn, Vn e N 

The Hilbert space adjoint Q* is called the synthesis operator for {xn}. The positive 
operator S :— 0*0 :% % is called the frame operator, or sometimes the Bessel 
operator if the Bessel sequence is not a frame, and we have 

(1.3) Sx^Y.^ 

Vx e H. 

riGN 

A sequence {a;„} is a frame for T-L if and only if its analysis operator O is 
bounded, injective and has closed range, which is, in turn, equivalent to the condi- 
tion that the frame operator S is bounded and invertible. In particular, {a;„} is a 
Parseval frame for T-L if and only if O is an isometry or equivalently if 5* = /. 

Let S be the frame operator for a frame {xn}- Then the lower frame bound is 
1/1 1^"^! I and the upper frame bound is 11511. From ()1.3|) we obtain the reconstruc- 
tion formula (or frame decomposition): 

X = ( X, S^^Xn ) Xn, Vx E H 
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or equivalently 

X = {x,Xn) S~^Xn, Vx G H. 

neN 

(The second equation is obvious. The first can be obtained from the second by 
replacing x with S~^x and multiplying both sides by S.) 

The frame {S~^Xn} is called the canonical or standard dual of {a;„}. In the 
case that {xn} is a Parseval frame for H, we have that S — I and hence 

yx e n. 

neN 

More generally, if a Bessel sequence {j/n} satisfies 
(1.4) X = {x,yn) Xn, Vx e 

where the convergence is in norm of H, then {?/„} is called an alternate dual of 
{x„}. (Then {?/„} is also necessarily a frame.) The canonical and alternate duals 
are usually simply referred to as duals, and {xn,yn} is called a dual frame pair. It 
is a well-known fact that that a frame {x„} is a Riesz basis if and only if {x„} has 
a unique dual frame (cf. |HLj ) . 

There is a geometric interpretation of Parseval frames and general frames. Let 
P be an orthogonal projection from a Hilbert space /C onto a closed subspace and 
let {un} be a sequence in /C. Then {Pun} is called the orthogonal compression of 
{wn} under P, and correspondingly {u„} is called an orthogonal dilation of {Pw„}. 
We first observe that if {w„} is a frame for /C, then {Pm„} is a frame for H with 
frame bounds at least as good as those of {w„} (in the sense that the lower frame 
cannot decrease and the upper bound cannot increase). In particular, {Pu„} is a 
Parseval frame for Ji when {w„} is an orthonormal basis for /C, i.e., every orthogonal 
compression of an orthonormal basis (resp. Riesz basis) is a Parseval frame (resp. 
frame) for the projection subspace. The converse is also true: every frame can be 
orthogonally dilated to a Riesz basis, and every Parseval frame can be dilated to an 
orthonormal basis. This was apparently first shown explicitly by Han and Larson 
in Chapter 1 of [HLj . There, with appropriate definitions it had an elementary 
two-line proof. And as noted by several authors, it can be alternately derived by 
applying the Naimark (Neumark) Dilation theorem for operator valued measures 
by first passing from a frame sequence to a natural discrete positive operator- valued 
measure on the power set of the index set. So it is sometimes referred to as the 
Naimark dilation theorem for frames. In fact, this is the observation that inspired 
much of the work in this paper. 

For completeness we formally state this result: 

Proposition 1.1. [HL Let {x„} be a sequence in a Hilbert space H. Then 

(i) {xn} is a Parseval frame for "H if and only if there exists a Hilbert space 
/C D "H and an orthonormal basis for /C such that x„ = Pw„, where 
P is the orthogonal projection from /C onto H. 

(ii) {xn} is a frame for H if and only if there exists a Hilbert space K. ^ T-L 
and a Riesz basis {vn\ for K, such that a;„ = Pw„, where P again is the 
orthogonal projection from K, onto %. 

The above dilation result was later generalized in [CHLj to dual frame pairs. 



1.1. FRAMES 



9 



Theorem 1.2. Suppose that {xn\ and {yn\ are two frames for a Hilbert space 
%. Then the following are equivalent: 

(i) {un} is a dual for {xn}; 

ill) There exists a Hilbert space /C 3 "H and a Riesz basis {un} for K. such 
that Xn = Pun, and yn = Pu*^, where {m*} is the (unique) dual of the 
Riesz basis {un} and P is the orthogonal projection from K, onto %. 

As in |CHL| . a framing for a Banach space X is a pair of sequences {xi,yi\ 
with {xi\ in X, {yi} in the dual space X* of X , satisfying the condition that 



yi)xi, 



where this series converges unconditionahy for all x ^ X. 

The definition of a framing is a natural generalization of the definition of a 
dual frame pair. Assume that {xi\ is a frame for % and {yi\ is a dual frame 
for {xi\. Then {xi^yi} is clearly a framing for %. Moreover, if Ui is a sequence 
of non-zero constants, then {aiXi,a~^yi} (called a rescaling of the pair) is also a 
framing, although a simple example (Example II .3^ shows that it need not be a pair 
of frames, even if {aiXi}, {a~ yi} are bounded sequence. 

Example 1.3. Let "H be a separable Hilbert space and let {eijigN be an or- 
thonormal basis of H. Let 



and 



{xj = |ei, 62, 62, 63, 63, 63, . . .| 

r 1 1 1 1 1 1 
{Vii = |ei, -62, -62, -63, -63, -63, ...j. 



Then {xi,2/i}jgN is a framing of V., \\xi\\ < l,\\yi\\ < 1, but neither {xi} nor {yj 
are frames for H. 

Proof. Let 

r 1 1 1 1 1 ^ 

then 

{a..J = {yM = {61, i=e2, i=62, -^63, -^=63, -^63, . . .} 
is a Parseval frame of H . Thus for any x E H, we have 

x = y^{x,aiXi)— = 'S^{x,Xi)yi, 

and this series converges unconditionally. Hence {xi,2/i}igN is a framing of T-i and 
Ik^ll < < 1. Butfor anyjeN, 

^ |(6j-,a;i)p = j||6^-|| = j 

iGN 

and 

So {xi} is not a Bessel sequence and {yi} is a Bessel sequence but not a frame. □ 
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If {xi,yi} is a framing, and if {xi, yi} are both Bessel sequences, then {xi}, {yt} 
are frames and {xi, yi} is a dual frame pair. Indeed, if B, C are the Bessel bounds 
for {xi}, {yi} respectively, then for each x, 

{x,x) = 



< 




and so C ^ < X)jeN \ required. So our interests will involve framings 

for which {xi}, {yi}, or both, are not Bessel sequences. 

Definition 1.4. [CHLj A sequence {a;^}^^^ in a Banach space X is a projective 
frame for X if there is a Banach space Z with an unconditional basis {zi, z*} with 
X C Z and a (onto) projection P : Z — > X so that Pzi — Xi for all i S N. If {zi} is 
a 1-unconditional basis for Z and ||P|| = 1, we will call {xi} a Projective Parseval 
frame for X. 



In this case, we have for all x £ X that 



'^'x, Z*)zi = Px ^ X!^^' ^i'^^^i ^ X!^^' ^»*)^'' 



and this series converges unconditionally in X. So this definition recaptures the 
unconditional convergence from the Hilbert space definition. 

We note that there exist projective frames in the sense of Definition [Lj] for an 
infinite dimensional Hilbert space that fail to be frames. An example is contained 
in Chapter 5. 

Definition 1.5. [CHLj A framing model is a Banach space Z with a fixed 
unconditional basis {ci} for Z. A framing modeled on (Z, {cijigN) for a Banach 
space X is a pair of sequences {yi} in X* . and {xi} in X so that the operator 
e : X Z defined by 

Ou = ^{u,yi)e^, 

i&i 

is an into isomorphism and T : Z ^ X given by 
is bounded and T9 = Ix- 



OjiGi) — ^ ^ OiXi 



In this setting, P becomes the reconstruction operator for the frame. The 
following result due to Casazza, Han and Larson |CHL| shows that these three 
methods for defining a frame on a Banach space are really the same. 

Proposition 1.6. Let X be a Banach space and {xi} be a sequence of elements 
of X. The following are equivalent: 
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(1) {xi} is a projective frame for X . 

(2) There exists a sequence yi G X* so that {xi,yi} is a framing for X. 

(3) There exists a sequence e X* and a framing model (Z, {ci}) so that 

is a framing modeled on (Z, {ci}). 

This proposition tells us that if {xi, j/i} is a framing of X, then {xi, y-i} can be 
dilated to an unconditional basis. That is, we can find a Banach space Z with an 
unconditional basis {ei,e*}, X d Z and two bounded linear maps S and T such 
that S'ci = Xi and Te* = yi. 

Definition 1.7. Let "H be a separable Hilbert space and be a tr-locally 
compact (tr-compact and locally compact) Hausdorff space endowed with a positive 
Radon measure /i with supp(/x) = fi. A weakly continuous function J- : fl ^ H is 
called a continuous frame if there exist constants < Ci < C2 < oo such that 

Ci\\x\\^ < I J-(cj))|2dM(cj) < C2||x||2, Vxe-H. 
Jn 

If Ci — C2 then the frame is called tight. Associated to T is the frame operator 
Sjr defined in the weak sense by 

S^-.n^n, {S^x), y) := / {x, F{u)) ■ {T{lo), y)dii{uj). 

It follows from the definition that Sjr is a bounded, positive, and invertible operator. 
We define the following transform associated to 

V^-.n^ L\n,^i), V^ix){uj) {x,J^{oj)). 

This operator is called the analysis operator in the literature and its adjoint operator 
is given by 

: L\n,y) ^ {V^U),x) / f{Lo){F{u:),x)d ii(uj). 

Jn 

Then we have Sjr = V^Vjr, and 

(1.5) {x,y) = f {x,T{u)) ■ {g{u),y)dfi{w), 

Jn 

where g{uj) :— Sjr^J-{uj) is the standard dual of J-. A weakly continuous function 
: ft ~> H is called Bessel if there exists a positive constant C such that 

[ \{x,J'{uJ)}\^d^l{uJ) <c\\x\\\ \fxen. 

Jn 

It can be easily shown that if : il — ^ H is Bessel, then it is a frame for H if 
and only if there exists a Bessel mapping Q such that the reconstruction formula 
(II. 5p holds. This Q may not be the standard dual of T. We will call (J^, Q) a dual 
pair. 

A discrete frame is a Riesz basis if and only if its analysis operator is surjective. 
But for a continuous frame J-, in general we don't have Vjr('H) = L^[n,fi). In 
fact, this could happen only when fi is purely atomic. Therefore there is no Riesz 
basis type dilation theory for continuous frames (however, we will see later that in 
contrast the induced operator-valued measure does have projection valued measure 
dilations). The following modified dilation theorem was due to Gabardo and Han 
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Theorem 1.8. Let J- he a [Q, fi)- frame for H andQ be one of its duals. Suppose 
that both Vj^{'H) and Vg{'H) are contained in the range space Ai of the analysis 
operator for some {Q, ii)-frame. Then there is a Hilbert space K. Z) H and a {D,,fi)- 
frame T for K, with PJ- = T , PQ — Q and V-plH) — M, where Q is the standard 
dual of J- and P is the orthogonal projection from K, onto % . 

Definition 1.9. Let X be a Banach space and f2 be a (r-locally compact 
Hausdorff space. Let /.t be a Borcl measure on cj. A continuous framing on X is a 
pair of maps (^,^^), 

£^:n^x, '^■.n^x*, 

such that the equation 

{E^^,^){B)x,y) ^ [ (x,^H)(^(w),y)d/iH 
Jb 

for X ^ X , y ^ X*, and B a Borel subset of fl, defines an operator- valued probability 
measure on f2 taking value in B(X) (see Definition 12. ip . In particular, we require 
the integral on the right to converge for each B C i^. We have 

(1.6) E(^^c^){B)= I ^{uj) (»^{uj)dE{uj) 

Jb 

where the integral converges in the sense of Bochner. In particular, since ^.<^) {^) = 
Ix, we have for any x (z X that 

{x,y) = / {x,<;^iuj)){^iuj),y)dE{u;). 
Jn 

1.2. Operator- valued Measures 

This section briefly discusses the well-known dilation theory for operator- valued 
measures, and establishes the connections between framing dilations and dilations 
of their associated operator- valued measures (more detailed discussion and investi- 
gation will be given in the subsequent chapters). 

In operator theory, Naimark's dilation theorem is a result that characterizes 
positive operator-valued measures. Let be a compact Hausdorff space, and let 
B be the cr-algebra of all the Borel subsets of il. A i?('H)-valued measure on 
is a mapping E : B ^ B{H) that is weakly countably additive, i.e., if {Bi} is a 
countable collection of disjoint Borel sets with union B, then 

{E{B)x,y) ^Y.(EiB,)x,y) 

i 

holds for all x, y in The measure is called bounded provided that 

sup{||£;(B)|l ; B e < oo, 

and we let ||iy9|| denote this supremum. The measure is called regular if for all x,y 
in H, the complex measure given by 

(1-7) fi,,jB) = {EiB)x,y) 

is regular. 

Given a regular bounded i?(H)-valued measure E, one obtains a bounded, 
linear map 

: C'in) -> B{H) 
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by 



(1.8) 



{Mf>,y) = [ fd 



Jn 



Conversely, given a bounded, linear map (j) : C{ft) — t- B{H), if one defines regular 
Borel measures {fj,x,y} for each x,y inJi by the above formula ()1.8p . then for each 
Borel set B, there exists a unique, bounded operator E{B), defined by formula 
(|1.7|) . and the map B — >■ E{B) defines a bounded, regular i3('H)-valued measure. 
Thus, we see that there is a one-to-one correspondence between the bounded, linear 
maps of C{ft) into B{7i) and the regular bounded i3('H)-valued measures. Such 
measures are called 

(i) spectral if E{Bi n B2) = E{Bi) ■ E{B2), 

(ii) positive if eIb) > 0, 

(iii) self-adjoint if E{B)* = E{B), 
for all Borel sets B, Bi and B2. 

Note that if E is spectral and self-adjoint, then E{B) must be an orthogonal 
projection for all B E B, and hence E is positive. 

Theorem 1.10 (Naimark). Let E be a regular, positive, B{'H)-valued measure 
on VL. Then there exist a Hilhert space /C, a hounded linear operator V : % ^ K,, 
and a regular, self-adjoint, spectral, B{IC)-valued measure F on ft, such that 



Stinespring's dilation theorem is for completely positive maps on C*-algebras. 
Let ^ be a unital C*- algebra. An operator-valued linear map (j) : A B{H) is 
said to be positive if 4>{a*a) > for every a G A, and it is called completely positive 
if for every rt-tuple ai, ...,a„ of elements in A, the matrix {cj){a*aj)) is positive in 
the usual sense that for every n-tuple of vectors ^1, ^„ €E H, we have 



or equivalently, {(p{a*aj)) is a positive operator on the Hilbert space H <8) C". 

Theorem 1.11 (Stinespring's dilation theorem). Let A be a unital C* -algebra, 
and let (j) : A B{'H) be a completely positive map. Then there exists a Hilbert 
space /C, a unital ^—homomorphism n : A ^ B{K,), and a bounded operator V : 
K. with 110(1)11 = IIV^IP such that 



The following is also well known for commutative C*-algebras: 

Theorem 1.12 (cf. Theorem 3.11, jPaj ). Let B he a C* -algebra, and let 4> ■ 
C{Q) B be positive. Then (f> is completely positive. 

This result together with Theorem 11.111 implies that Stinespring's dilation the- 
orem holds for positive maps when ^ is a unital commutative C* -algebra. 

A proof of Naimark dilation theorem by using Stinespring's dilation theorem 
can be sketched as follows: Let cj) : A B {H) he the natural extension of E to the 
C*-algebra A generated by all the characteristic functions of measurable subsets of 
n. Then cj) is positive, and hence is completely positive by Theorem 11.121 Apply 
Stinespring's dilation theorem to obtain a *— homomorphism tt : — > B{IC), and a 



E{B) = V*F[B)V. 



n 



(1.9) 




0(a) = V*n{a)V. 
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bounded, linear operator F : "H — > /C such that (j){f) = V*n{f)V for all / in A. Let 
F be the i3(/C)— valued measure corresponding to tt. Then it can be verified that 
F has the desired properties. 

Let ^ be a C*- algebra. We use M„ to denote the set of all n x n complex 
matrices, and Mn{A) to denote the set of all n x n matrices with entries from A. 
For the following theory see (c.f. [Pa ): 

Given two C*-algebras A and B and a map (j) : A ^ obtain maps 0„ : 
M.n{A) Mn{B) via the formula 

(f>n{{a^,j)) = (^(ajj)). 

The map cj) is called completely bounded if is bounded and \\(f>\\cb = sup„ \\4>n\\ is 
finite. 

Completely positive maps are completely bounded. In the other direction we 
have Wittstock's decomposition theorem [Paj : 

Proposition 1.13. Let .4 be a unital C*-algebra, and let (j) : A ^ B{'H) be a 
completely bounded map. Then is a linear combination of two completely positive 
maps. 

The following is a generalization of Stinespring's representation theorem. 

Theorem 1.14. Let A be a unital C*-algebra, and let cj) : A ^ B{'H) he a 
completely bounded map. Then there exists a Hilbert space K., a ^—homomorphism 
TT : A ^ B{IC), and bounded operators Vi : H ^ IC,i = 1,2, with WipWcb — ||^i || • || V2I 
such that 

0(a) = V{TTia)V2 

for all a Cz A. Moreover, i/||0||c6 — 1, then Vi and V2 may be taken to be isometrics. 

Now let be a compact Hausdorff space, let i? be a bounded, regular, operator- 
valued measure on Vl, and let (j) : C(il) — >• B(%) be the bounded, linear map 
associated with E by integration as described in section 1.4.1. So for any / e C(f2), 



(0(/)^,2/> = 




where 

(B) = {E{B)x,y) 

The OVM E is called completely bounded when is completely bounded. Using 
Wittstock's decomposition theorem, E is completely bounded if and only if it can 
be expressed as a linear combination of positive operator-valued measures. 

Let {xi}i^j be a non-zero frame for a separable Hilbert space T-l. Let E be the 
a-algebra of all subsets of J. Define the mapping 

E:T.^B{n), E{B)=^x^(»Xi 

ieB 

where x €5 y is the mapping on H defined by (x (g) y){u) — {u,y)x. Then i? is a 
regular, positive B{H)-valued measure. By Naimark's dilation Theorem ll.lOl there 
exists a Hilbert space K., a bounded linear operator V : V. ^ JC, and a regular, 
self-adjoint, spectral, i?(/C)-valued measure F on J, such that 

EiB) = V*FiB)V. 

We will show (easily) that this Hilbert space K, can be £2 , and the atoms Xi (g) Xi 
of the measure dilates to rank-1 projections <S> Ci, where {ci} is the standard 
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orthonormal basis for i"^ . That is JC can be the same as the dilation space in 
Proposition ll.il (ii). 

Similarly, suppose that {xi, yi\i^j is a non-zero framing for a separable Hilbert 
space T-L. Define the mapping 

for all _B € E. Then i? is a i?('H)-valued measure. We will show that this E also 
has a dilation space Z. But this dilation space is not necessarily a Hilbert space, in 
general, it is a Banach space and consistent with Proposition 11.61 The dilation is 
essentially constructed using Proposition 11.61 (ii), where the dilation of the atoms 
Xi (8i Ui corresponds to the projection Ui u* and {ui} is an unconditional basis for 
the dilation space Z. 



CHAPTER 2 



Dilation of Operator-valued Measures 

We develop a dilation theory of operator-valued measures to projection (i.e. 
idempotent)-valued measures. Our main results show that this can be always 
achieved for any operator-valued measure on a Banach space. Our approach is 
to dilate an operator-valued measure to a linear space which is "minimal" in a cer- 
tain sense and complete it in a norm compatable with the dilation geometry. Such 
"dilation norms" are not unique, and we w:ill focus on two: one we call the minimal 
dilation norm and one we call the maximal dilation norm. The applications of these 
new dilation results to Hilbert space operator-valued measures will be discussed in 
the subsequent chapters. 

A positive operator- valued measure is a measure whose values are non- negative 
operators on a Hilbert space. Prom Naimark's dilation Theorem, we know that 
every positive operator-valued measure can be dilated to a self-adjoint, spectral 
operator- valued measure on a larger Hilbert space. But not all of the operator- 
valued measures can have a Hilbert dilation space. For example, the operator- 
valued measure induced by the framing in Chapter 5 does not have a Hilbert 
dilation space. However it always admits a Banach dilation space, and more- 
over it can be dilated to a spectral operator-valued measure on a larger Banach 
space. Thus, it is necessary to develop the dilation theory to include non-Hilbertian 
operator-valued measures on a Hilbert space; i.e. B('H)-valued measures that have 
no Hilbert dilation space. We obtain a similar result to Naimark's dilation Theorem 
for non-Hilbcrtian _B('H)-valued measures. That is, for an arbitrary non-ncccssarily- 
Hilbertian i?('H)-valued measure E on we show that there exists a Banach 

space X, a spectral i?(X)-valued measure F on (fl, E), and bounded linear maps 
S and T such that E{B) = SF{B)T holds for every B e E. 

2.1. Basic Definitions 

Definition 2.1. Let X and Y be Banach spaces, and let (fi, E) be a measurable 
space. A B{X. Y)-valued measure on O is a map : E — > B(X. Y) that is countably 
additive in the weak operator topology; that is, if {Bi} is a disjoint countable 
collection of members of E with union B, then 

y*{E{B)x) = J2y*{E{Bi)x) 

i 

for allx € X and y* e Y*. 

We will use the symbol (f2, E, E) if the range space is clear from context, or 
(f2, E, E, B{X, Y)), to denote this operator-valued measure system. 

Remark 2.2. The Orlicz-Pettis theorem states that weak unconditional con- 
vergence and norm unconditional convergence of a series are the same in every 
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Banach space (c.f.[DJT]). Thus we have that J2i ^i^i)^ weakly unconditionahy 
converges to E{B)x if and only if '^iE{Bi)x strongly unconditionally converges 
to E{B)x. So Definition 12.11 is equivalent to saying that E is strongly countably 
additive, that is, if {Bi} is a disjoint countable collection of members of S with 
union B, then 

E{B)x = E{Bi)x, yx € X. 

i 

Definition 2.3. Let Ehe a. B{X, F)-valued measure on (fi, E). Then the norm 
of E is defined by 

\\E\\ = sup||i?(i?)|l. 
We call E normahzed if H^^H — 1. 

Remark 2.4. A y)-valued measure E is always bounded, i.e. 

(2.1) sup \\E{B)\\ < +00. 

Indeed, for all x E X and y* E Y* , fJ,x,y* (B) ■= y*{E{B)x) is a complex measure on 
(f2, S). From complex measure theory (c.f. |Rud] ). we know that fJ,x,y* is bounded, 
i.e. 

sup \y*{E{B)x)\ < +00. 

BSE 

By the Uniform Boundedness Principle, we get (|2.ip . 

Definition 2.5. A i3(Ar)-valued measure E on {fl, S) is called: 

(i) an operator- valued probability measure if E{Q) ~ Ix, 

(ii) a projection- valued measure if E{B) is a projection on X for all B G E, 

(iii) a spectral operator- valued measure if for all A, i? e E, E{A O B) = E{A) ■ 
E{B) (we will also use the term idempotent-valued measure to mean a 
spectral-valued measure.) 

With Definition l2.1[ a i?(Ar)-valued measure which is a projection- valued mea- 
sure is always a spectral- valued measure (c.f. [Pa]). We give a proof for complete- 
ness. (Note that spectral operator-valued measures are clearly projection- valued 
measures). 

Lemma 2.6. Let E he a B(X)-valued measure. If for each _B e E, E{B) is a 
projection (i.e. idempotent) , then for any ^, _B G E, E{A f] B) — E{A) ■ E{B). 

Proof. If P and Q are projections on A", then P + Q is a projection on X if 
and only ii PQ = QP = Q. 

For disjoint ^, B e E, we have E{A)-^ E{B) = E{A\JB) which is a projection. 
From above, we obtain that E[A)-E{B) = E{A)-E{B) = 0. Then, for ah A, B e E, 
we have 

E{A)-E{B) = E{{AnB'')U{AnB))-E{{BnA'')U{BnA)) 

= {E{A n B") + E{A n B)) ■ {E{B D A") + E{B D A)) 
= E{A n B") ■ E{B n A") + E{A n B") ■ E{B n A) + 

+E{A n B) ■ E{{B n A") + E{A n B) ■ E{B n A) 
= E{Ar]B)-E{Br]A)^E{Ar]B). 



□ 
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Definition 2.7. Let £':!]—> B{X, Y) be an operator-valued measure. Then 
the dual of E, denoted by E*, is a mapping from S to B{Y*,X*) which is defined 
by E*{B) ^ [E{B)]* for ah B e S. 

Proposition 2.8. Let X and Y be Banach spaces. If X is reflexive, then 
iJ* : E — > B{Y*,X*) is an operator-valued measure. 

Proof. Let {Bi] be a disjoint countable collection of members of S with union 
B. Then for aU x G X and y* G F*, we have 

{E*{B)y*){x) = y*{E{B)x) = V^W^)^) = ^(i?*(i?,)y*)(x). 

i i 

Since X = X**, this shows that E is weakly countably additive in the sense of 
Definition [SHI □ 

Remark 2.9. The following example shows that there exists an operator-valued 
measure E for which E* is not weakly countably additive. So the above result is 
sharp. 

Example 2.10. Let {xi, yj^i C /i x /qo and 1 (1, 1, 1, • • • ), where 

= {ei, ei, ei, 62, 63, 64, 65, ee, • • • } 

IJ/i — l-l-i --'-I ^1: ^2, 63, 64, 65, Cg, • • • I, 

and {ci}^]^ is the standard unit vector basis. Let 17 = N, S = 2^^ and 

E{B) =Yx,®y,. 

Then it can be verified that E* is not weakly countably additive. 

Given two operator-valued measure space systems (il, E, E, B{X)) and ($7, S, B{Y)). 
We say that 

(i) E and F are isometrically equivalent (or isometric) if there is a surjective 
isometry U : X Y such that £'(B) U-^F{B)U for aU B € E. 

(ii) i? and are similar (or isomorphic) if there is a bounded linear invertible 
operator Q:X^Y such that i;(B) = Q~^F(B)Q for all B e E. 

The following property follows immediately from the definition: 

Proposition 2.11. Let X and Y be Banach spaces and let £^ : E — > B{X, Y) 
be an operator- valued measure. Assume that W and Z are Banach spaces and that 
T : W ^ X and S -.Y ^ Z both are bounded linear operators. Then the mapping 
F : E ^ B{W, Z) defined by 

F{B) = SE{B)T, \/B e E, 

is an operator-valued measure. 

Let X be a Banach space and {xi, yijigN be a framing for X. Then as we have 
introduced in Chapter 1 that the mapping E defined by 

E:2^^BiX), F(B)=^a;,®y„ 

is an operator-valued probability measure. We will call it the operator-valued prob- 
ability measure induced by the framing {xi, yijigN- The following lemma shows that 
every operator-valued probability measure system {N,2^ , E, B{X)) with rank one 
atoms is induced by a framing. 
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Lemma 2.12. Let {N,2^,E,B{X)) be an operator-valued probability measure 
system with 

rank(£;({i})) G {0, 1} 

for all i CzN. Then there exists a framing {xi,yi}i£ti of X such that E is induced 
by {xi,yi}i^fq. Moreover, if X is a Hilbert space and E is spectral, then the framing 
{xi,yi}i^fi can be chosen as a pair of Riesz bases of X . 

Proof. Without loss of generality, we can assume that for any i e N, rank(£'({i})) — 
1. Then we can find Xi € X and yi € X* such that for any x ^ X, 

E{{i}){x) = yi{x)xi = [xi (g) yi){x). 

It follows that 

(2.2) X = Ix{x) = E{n){x) = E E{{^)(x) - Y.^x, y,){x). 

By Definition 12.11 we know that the series in (|2.2[) converges unconditionally for all 
x & X. Hence {xi,yi\iizm is a framing of X. 

When X is a Hilbert space and E is spectral, since for all i3 e 2^, 

E{B)x = '^{x,yi)xi, Va; e X, 

we have for any i,j e N and x & X, 

E{{i})E{{j})x = {x,yj){xj,y,)x,. 

When i = j, since 

E{{i})E{{i))x = {x,yi){xi,yi)xi = {x,yi)xi = E{{i})x, 

we get (xi, j/j) = 1. 

When i ^ j, we have 

E{{i})E{{j})x = {x,yj){xj,y^)x, = 0, 

and so {xj, yi) — 0. If OiXi ~ 0, then 

Ei{j}) (^a,x}j =Y^a,E{{j}){x,) = ajx^ = 0, 

and hence aj = 0. Thus {xijigw is an unconditional basis. By Lemma 3.6.2 in |Ch) . 
we know that {a::i/||a;i||}igN is a Riesz basis of X, and hence {||a;i||yi}igN is also a 
Riesz basis of X. Clearly for all i? € 2'*', we also have 

E{B)x = '^{x, \\x^\\yi)x^/\\xi\\, Vx G X. 

□ 
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2.2. Dilation Spaces and Dilations 

Let (fi, S) be a measurable space and i? : S — )• B{X, Y) be an operator-valued 
measure. 

Definition 2.13. A Banach space Z is called a dilation space of an operator- 
valued measure space (fi, S, i?) if there exist bounded linear operators S : Z Y 
and T : X ^ Z, and a projection-valued measure space (il, S, F, such that 

for any B e S, 

E{B) = SF{B)T. 

Wc call S and T the corresponding analysis operator and synthesis operator, respec- 
tively, and use S, F, B{Z), S, T) to denote the corresponding dilation projection- 
valued measure space system. 

It is easy to see that the mappings 

Gi-.T,^ B{X,Z), Gi{B)=F{B)T 

and 

G2 : S ^ B{X, Z), G2{B) = SF{B) 

are both operator-valued measures. We call G\ and G2 the corresponding analysis 
operator-valued measure and synthesis operator-valued measure, respectively. 
Clearly, £; = G2-Gi. Indeed, 

E{B) = SF{B)T = SF{B)F{B)T = G2{B)Gi(B). 

Remark 2.14. li X = Y and E{^l) = Ix, then S* is a surjection, T is an 
isomorphic embedding, and TS : Z ^ Z is a projection onto T{X). 

Further, we have the following result: 

Lemma 2.15. Let (O, E, E) be an operator-valued measure space and {fl, S, F, B{Z), S, T) 

be a corresponding dilation projection-valued measure space system. 

(i) // E{Q) : X — > y is an isomorphic operator, then S : Z Y is a 
surjection and T : X ^ Z is an isomorphic embedding. 

(ii) IfX = Y and E{n) = Ix, then TSF{fl), F{fl)TS and F{fl)TSF{fl) are 
all projections on Z. 

Proof, (i) Since E{il) is an isomorphic operator, for any y E Y, there exists 
X e X such that E{n)x = y. Hence {SF{n)T){x) = E{n){x) = y, and so S is 
surjective. 

Suppose that Txi = Tx2 for xi,X2 € X. Then wc have {SF{^)T){xi) = 
{SF{Q)T){x2), and so E{fl)xi = E{fl)x2- Since E{Q) is invertible, we get Xi = X2- 
Thus T is an isomorphic embedding. 

(ii) When X = Y and E{n) = Ix, we have 

{TSF{n)f = TSF{n)TSF{n) = TE{n)SF{n) 

= TlxSF{n)^TSF{n), 
{F{n)TSf = F{n)TSF{n)TS = F{n)TIxS 
= F{n)TS, 
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and 

(F(^))T5F(^]))2 = F{n)TSF{n)F{n)TSF{n) 
= F{n)TSF{n)TSF{n) 

= F{fl)TIxSF{Q) 
= F{Q)TSF{fl). 

Thus TSF{Q), F{Q)TS and F{n)TSF{n) are all projections on Z. □ 

In general, the corresponding dilation projection- valued measure system is not 
unique. However, we can always find a projection-valued probability measure sys- 
tem from a known dilation projection-valued measure system. 

Proposition 2.16. Let (O, S, E) be an operator-valued measure space and let 
{fl,T,,F, B{Z), S,T) be a corresponding dilation projection- valued measure space 
system. Define a mapping F : S ^ B{F{Q)Z) by 

F{B) = F{B)\F^n)z, for all B e S. 

Then 

S = S\p^a)z ■■ F{n)Z ^ Y 

and 

f = F{n)T : X F{Q)Z 

arc both bounded linear operators. And F is a spectral operator- valued probability 
measure such that 

E{B) = SF{B)f, B € S. 

Proof. Clearly S and T are both well defined and are bounded linear opera- 
tors. Since 

F{B)F{n)Z ^ F{B)Z = F{fl)F{B)Z c F{n)Z, 

F is well defined. It is clearly that F is an operator-valued probability measure. 
Moreover, for all A,B e T,, 

F{A)F{B) = F{A)\Ft^n)zFiB)\p(^n)z 
= F{A)F{B)\p^a)z 
= F{AnB)\F^n)z 
= F{AnB). 

It follows that F is a spectral operator-valued measure. Finally, we have for any 
B e E and x € X, 

SF{B)f{x) = S\F^n)zF(B)\pi^n)zF(n)T{x) 
= S\Fin)zF{B)F{^l)T{x) 
= SF{B)T{x) 
= E{B){x). 

□ 

Remark 2.17. It is easy to see that 

Sf = SF{il)f = E{fl). 
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liX = Y and E{n) = Ix, then 

fs = fsF{n) = F{n)TS = F{n)TSF{n) 

is a projection from F{n)Z onto fz = F{n)T{Z). 
As a consequence of Proposition [2?T6l we obtain: 

Corollary 2.18. If an operator- valued measure can be dilated to a spectral 
operator-valued measure, then it can be dilated to a spectral operator-valued prob- 
ability measure. 

2.3. Elementary Dilation Spaces 

This section provides the first step in the construction of dilation spaces for 
operator- valued measures. The main result (Theorem 12. 26p shows that for any di- 
lation projection- valued measure system (f2, E, F, B{Z), S, T) of an operator-valued 
measure system (fi, S, E, B{X, Y)), there exists an "elementary" dilation operator- 
valued measure system which can be linearly isometrically embedded into (il, E, F, B{Z), S, T). 

Definition 2.19. Let y be a Banach space and (fi, E) be a measurable space. 
A mapping : E — > y is called a vector-valued measure if v is countably 
additive; that is, if {Bi} is a disjoint countable collection of members of E with 
union _B, then 

u{B) =Y,u{B,). 

i 

We use the notation {fl, E, i^, Y) for a vector-valued measure system. 

Remark 2.20. By the Orlicz-Pettis Theorem, we know that countably addi- 
tive is equivalent to v weakly countably additive. That is 

i 

for aU y* eY*. 

We use the symbol 9)1^ to denote the linear space of all vector- valued measures 
on {n, E) of Y. 

Let X, Y be Banach spaces and {il, E, E, B{X, Y)) an operator- valued measure 
system. For any i? e E and x E X, define 

Eb,. : E ^ r, EbA^) = E{B n A)x, WA e E. 

Then it is easy to see that Eb,x is a vector-valued measure on {il, E) of Y and 

Eb,. e 

Let Me = spa,n{EB,x : s G AT, B e E}. Obviously, Me C and we will 

refer it as the space induced by {il, E, E, B{X, Y)). We first introduce some linear 
mappings on the spaces X, Y and AIe- 

Lemma 2.21. Let X,Y be Banach spaces and {fl,T,, E, B{X,Y)) an operator- 
valued measure system. For any {Ci}fLi C C, {Bi}fLi C E and {xi}^i C X , the 
mappings 

CN \ N 

T:X^Me, T{x)^En,x 
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and 

/ N \ N 



F{B) : Me ^ Me, F{B) C,EB,,.^j = ^ ^^^snis...., VS e E 

are well-defined and linear. 

Proof. Obviously T is well-defined. For any {CJ^^ C C, {xi}f^^ C X and 
{SJili C E, if 

CiEBi,xi = 0, 

then, by definition of Ex^^Bi, we have for any A e E that 

N N 

Let S = fi. Then 

N 

J2 C^E{B{)x, = 0. 

i=l 

Hence S is well-defined. Similarly we can verify that F{B) is also well-defined. 
Clearly for any B eJ^, S,T and F{B) are linear. □ 

With the aid of Lemma [2. 2 11 we can now give the definition of a dilation norm. 

Note: In this manuscript we will in most cases use the traditional notation || • | 
for a norm; however, in the case of dilation norms (especially) we will frequently 
find it convenient to use the functional notation, typically I'(-), for a norm, because 
of the length of the expressions being normed. In this case we will sometimes also 
write 11 • \\t> for this same norm when the meaning is clear, using the norming 
function 2? to subscript the traditional norm notation. 

Definition 2.22. Let Me be the space induced by {fl, E, E, B{X, Y)). Let || • || 
be a norm on Me- Denote this normed space by M^; ||.|| and its completion Af^; ||.||. 

The norm on with || ■ || := || ■ ||-d given by a norming function T) as discussed 

above, is called a dilation norm of £^if the following conditions are satisfied: 

(i) The mapping Sv ■ Me,v — > Y defined on Me by 

CN \ N 

Y.aEB,^x, =Y,CrE{B,)x, 
!=1 / 4=1 

is bounded. ^ 

(ii) The mapping Tx> '■ X — )■ Me,v defined by 

Tv{x) = En.x 

is bounded. 

(ui) The mapping Fx) : E B{Me,v) defined by 

(N \ N 

Y^CiEBi,xi I — CiEBnBi,xi 
1=1 / i=l 

is an operator- valued measure, 
where {Ci}t^ C C, {xi}ti C X and {B,)ti C S. 
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Theorem 2.23. Let (fJ, E, B(X, Y)) be an operator-valued measure system. 
If a norm V is a dilation norm of E, then the Banach space Me,t> is a dilation space 
of {fl,T,, E, B{X,Y)). Moreover, {fl,T,, Fx>, B{Me,v), Sv^T-p) is the corresponding 
dilation projection-valued probability measure system. 

Proof. For any x e X and Si, i?2, A e E, we have 

Fd{Bi n B2){Ea,x) — EBinB2nA,x — Fx>{Bi){EB2nA,x) — Fx>{Bi)F'p{B2){Ea,x)- 

So Fj) is a spectral operator-valued measure. 

For any i? G S, we get 

SvFviB)Tv{x) - SvFviB){En,x) = Sv{Eb,x) = E{B){x), \fx e X, 

and thus SvFv{E)Tv = E{B). Therefore {n,J:,Fv,B{M^^v),Sv,Tv) is the cor- 
responding dilation projection- valued measure system. 

Observe that for any x G X and B e S, we have Ft>{^){Eb,x) = Eb,x- Hence 
F-ni^) —Ijj^. The proof is complete. □ 

Definition 2.24. Let Me be the space induced by (ft, E, E, B{X, Yj) and 
2? be a dilation norm of E. We call the Banach space Me,t> the elementary 
dilation space of E and {H.j'S, F-p, B{Me.v), S-cT-p) the elementary dilation 
operator-valued measure system. 

In order to prove the main result (the existence of a dilation norm) in this 
section, we need the following lemma: 

Lemma 2.25. Let X and Y be Banach spaces, and let (fi, E) be a measurable 
space. Assume that Xq d X is dense in X. If a mapping : E — > B{X,Y) is 
strongly countably additive on Xq, i.e. if {Bi} is a disjoint countable collection of 
members of E with union B then 

(2.3) 



E{B)x = J2 E{B,)x, yxeXQ, 



and if E is uniformly bounded on Xq, i.e. there exists a constant C > such that 
for any _B G E 

||£;(S)a;|| < C||x||, Vx e Xq, 
then E is an operator-valued measure. 



Proof. Since Xq ^ X, E is uniformly bounded on X. For any > 0, by (|2.3p . 
if {Bi}'jLi is a disjoint collection of members of E, then 



N 



(2.4) 

Hence E (u^i 
We have 



E 



N 

\jBAx = J2EiB,)x, VxeXQ. 



=1 



B, 



Eti E{B,) on X. 



N 



i=l 



N 



E 



\i=l 



< c. 



Let {Bi}°^^ be a countable disjoint collection of elements of E with union B. 
For any x G X, there exists a sequence {a;j}j?:i C Xq such that 

lim Xi = X. 
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Observe that 



N 



N 



N 



N 



E{B)x - E{B)xM + E{B)xM - E{B^)xm + ^ E{B,)xm - ^ E{B,)a 



< \\E{B)x - E{B)xm\ 

< \\E{B)\\ ■ \\x - xmW - 



N 



E{B)xM'Y.^^^-)''M 

i=l 
N 

E{B)xM ~Y.^^^'^^^' 



N 



N 



J2EiB,)xM -J2E{B,)a 



• \\XM - x\\ 



< 2C\\x-xm\ 



N 



E{B)xM - ^^^^ 



ixm 



For any e > 0, we can find M > such that 

||a;-2:M|| < 

By p.3p . for xm € Xq, we can find a sufficiently large > such that 



N 



E{B)xM - J2 ^(^' 



<XM 



Therefore 



< 



< e 



when N is sufficiently large. Hence 

E{B)x = Y E{Bi)x, Va; G X. 

Therefore -B is an operator- valued measure. 

Now we state and prove the main result of this section. 



□ 



Theorem 2.26. Let {yi,Yi,E,B{X^Y)) he an operator-valued measure sys- 
tem and E, F, B{Z), S, T) be a corresponding dilation projection-valued measure 
space system. Then there exist an elementary dilation operator-valued measure sys- 
tem Fj), B{AIe,v)t S-DjTx)) of E and a linear isometric embedding 

U : Me,v Z 

such that 

Sv = SU, F{Q)T = UTv, UFv{B) = F{B)U, VB e E. 
Proof. Define V : Me ^ i?+ U {0} by 



JV 



JV 



YC^F{B,)T{a 
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where N > 0, d are all complex nunibers and {xi}fLi C X and {Bi}fLi C S. We 
first show that 2? is a norm on Me- 
(i) Obviously, 



N 



N 



i=l 



> 0. 



(ii) Take {Cj}f^^, {Vjjf^i C X and {Aj}fL^ c S. We have 



M 



> i=l 



TV M 



< 



i=l 

TV 



i=l 



M 



M 



/AT \ / M 



(iii) If V (e«=i Ci^^B^x.) = 0, then jj^Zi CiF{Bi)T{xi)j^ = 0, and hence 
J2iLi CiF{Bi)T{xi) = 0. This implies that for any A e S, we have 



i=l 



i=l i=l 

AT 

= ^ CiF{Bi)T{xi) = 0. 



1=1 



Thus 2? is a norm on Me- 

Denote this norm by || • ||x>, and let Me,v be the completion of Me,v under 
this norm. We will show that P is a dilation norm of E. 

First, since 



N 



\i=l 

N 

J2CiSF{Bi)Tx, 



N 



i=l 



Y,CiE{Bi)x.. 

i=l 

S (^CiF{Bi)Tx}j 



< \\s\\- 



N 



Y,CiF{Bi)Tx, 



i=l 



= ll^ll 



JV 



i=l 



and 



\\F(n)T{x)\\z 

we have that the mappings 

/ N \ N 

Sv : Me,v ^Y, Sv[Y^ CiEB„x, = ^ CiE{Bi)xi 



Ki=l 



i=l 
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and 

are both well-defined, linear and bounded. 

We prove that the mapping Fj) : S B{Me^v) defined by 



N 



N 



Fv{B) I CiEBi,xi j — CiEBnBi,xi, 

\i=l / i=l 

is an operator- valued measure. By Lemma 12.251 we only need to show that Fx> is 
strongly countably additive and uniformly bounded on Me,v- 

If {Aj}^^ is a disjoint countable collection of members of S with union A, 
since F is an operator-valued measure, we have 

oo 

F{A n B,)T{x,) = J2 Fi^j n B,)T{xi). 



It follows that 



Fv {A) (Eb, ,x J = 51 (^J- ) (^^^ 



Hence 



AT 



F-n{A) [J2C^EB,^x, ^Y^FviA,) [J^C^^^b,,-. 



Thus Fx> is strongly countably additive on Me,v- 
For any A S S, we have 



\i=i 

N 



A 



1=1 

Y,C.,FiAnB,)T{x 



i=l 



< \\F{A)\\ 



N 



J2CrF{B,)Tix,) 



< sup||F(A)|| 

AGS 



N 



■D 



By Remark 12.41 we know that 



sup < +00, 

and thus Fx> is uniformly bounded on Mej>- 
Define a mapping U : Me,v Z hy 



N 



N 



It is easy to see that [/ is a well-defined and linear isometric embedding mapping. 
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Finally, we have 

CN \ N N 

i=l / i=l j=l 



1=1 \i=l / 



[/Tp(2:) = i7(£;a.)-^^(r!)r(a;) 

and 

/ N \ / W \ TV 

UFv{B) J2 C.^B.:-. = ^ II Q^sns.... = ^ n BOT(a;,) 



N / ^ \ 

^ Y C,F{B)F{Bi)T{xi) = F{B) ^ 

i=l \i=l / 



Thus we get 

Sv = SU, F{n)T = UTv, UFv{B) = F{B)U, VB e E, 
as claimed. □ 

In general, we can find different dilation norms on Me, and hence E may have 
different dilation projection- valued measure systems. The following result shows 
that if i? is a projection i3(X)-valued probability measure, then these different 
dilation projection- valued measure systems are all similar, that is, E is isomorphic 
to Fx> for every dilation norm V on Me- 

Proposition 2.27. Let {fl^Y., E, B{X)) be a projection-valued probability 
measure system and I? be a dilation norm of E. Then Sv and both are in- 
vertible operators with St>Tt> — Ix and Tx>St> = Ijj^ ^ . Thus, E is isomorphic to 
Fj) for every dilation norm T) of E. 

Proof. By Theorem [2^ we know that {fl^Y., Fv, BiME,^), S-p^Tv) is a 
projection- valued probability measure space system. Hence = I^g^ ^ and 

SvTv = SvFv{n)Tv - E{n) = Ix- 

By Remark l2.141 we know that S-p is a surjection and T-p is an isomorphic embed- 
ding. 

Let iV > 0, {CJili C C, {xj^i C X and {B,}f^^ C S. If 

(N \ N 

Y = J2 '^^E{Bi)x, = 0, 

1=1 / i=l 

then for any ^ G S, 

= YC^E{B,C^A){x,) = E{A) K]C,S(S,)a;, = 0. 
1=1 i=i \i=i / 

So we get X]i!=i CiEBi,xi — 0, and hence is invertible. 
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Observe that for any A e S, 

(N \ N 

j=l / i=l 

Thus we have 

N 



i=l 



So wc get Tx>Sv =1^ ^ and is invertible. Therefore E is isomorphic to Fp for 



every dilation norm V oi E. 



□ 



2.4. The Minimal Dilation Norm \\-\\a 

While the connection between a corresponding dilation projection-valued mea- 
sure system and the elementary dilation space has been established in the previous 
section, we still need to address the existence issue for a corresponding dilation 
projection-valued measure system. So in this and the next two sections we will 
focus on constructing two special dilation norms for the (algebraic) elementary 
dilation space Me which we call the minimal and maximal dilation norms. 

Definition 2.28. Define || • ||c« : M_e ^- IR+ U {0} by 



N 



sup 



N 



CiE{B n Bi)xi 



Proposition 2.29. 



is a norm on Me- 



Proof. Let TV > 0, {Ci\t^ c C, {xi}^^ c X and {BJili C S. If ^ti <^i^s. 



0, then for any B e S, Y.f^^ CiE{B n Bi)xi = 0, hence 



N 



y^^CiEBi,xi 



8=1 



sup 



N 



J2CiE{BnBi)xi 



0. 



Thus 
If 



L is well-defined. 



E»=i C'»^B„x, = 0, then for any S e S, J2i=i CiE{B n Bi)xi = 0, thus 



N 



N 

CiEBi,xi = 0. 
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Now we prove that || • ||q satisfies the triangle inequahty. Let M > 0, {Cj}^Li C 



C, {y,}f=i C X and {A,Y,U C S. Then 



M 



i=l 



sup 



< sup 



i=l 



+ sup 



^CjEA^,y, 



So II • II Q is a norm on Me- 



□ 



We denote its normed space by Me. a and its completion by ME,a- 
Theorem 2.30. || • ||a is a dilation norm of E. 

Proof. Let > 0, {C,}fL^ c C, {x,}fL^ c X and {B,}f^^ c S. Since the 
linear map Sa ■ Me, a — >■ 5^ is defined by 



N 



N 



we have that 



N 



Sa I ^ CiEBi,Xi 



< sup 



.1=1 
N 



N 



Y,C^E{B,)x. 

N 

CiEBi 



M 



which implies that Sa is bounded and 115*011 < 1. 

Recall that the map : X Me, a is defined by Ta{x) — i?o.x- Obviously, 
we have 

\\Tax\\^ = ||i?o,.IL = sup ||i?(i3)x||^ < ||£;|| • ||x||, 

and hence ||r„|| < ||£;||. ^ 

Now we prove the mapping Fa : ^ B{ME,a) defined by 



N 



N 



Fa{B) I '^^CiEsi^Xi I — CjEsnBi 



\i=l 



is an operator- valued measure. By Lemma [2.25l we only need to prove Fa is strongly 
countably additive and uniform bounded on Me, a- 
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N 



N 
i=l 



N 



CiEBnBi,xi 



sup 

N 



sup 

B'eE 



AT 



we get that = 1 for any S G S. 

For the strong countable additivity, let be a countable disjoint collec- 

tion of members of E with union A. Then we have 

M / N \ / N \ 

j=i \i=i / \i=i / 

M / N \ / ^ \ 

I CiEAjnAi,Xi j — j ^ C'ji^AnBi,:!;; j 
j=l Vi=l / \i=l / 



AT / M 



= sup 



sup 



Af / M 

^ cj ^ £;(y4j nBif] B')xi - E{A n n B')xi 



^Cii? IJ (A, n Sins') 

j=l \j=M+l 



AT 



< 



Ei^^i sup 

AT 

Ei^^i sup 



i=l 

AT 



B'GS 



ic«i sup 

B'eE 



i=l 



B I U (A, n Si n B') 

j=M+l 

CO 

e[ y {AjnB') 

j=M+l 



j=M+l 



If SUPs^gs Ej°1m+1 ^(^J B')Xi 



does not tend to as M — )• oo, then we can 



find (5 > 0, a sequence of ni < mi < n2 < m2 < ns < ms < . . . , and {-B;}j^i C S 
such that 



V E{Aj n BOa^i 
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Since for / e N and ni < j < mi, Aj n B'l are disjoint from each other, we have 



\l=l j=ni j l=\ j=ni 

which impHes X]7=n -^(-^j -^lO^^i ^ 0; which is a contradiction. Hence 



N 



N 



F^iA) ^a^B.^,. ^Y^Fo^iAj) iY,C^EB,,-. . 

\J=1 / J = l \i=l / 

as expected. 

Combining Theorem 12.301 and Theorem 1 2 . 2 31 we have the fohowing: 



□ 



Theorem 2.31. For any operator-valued measure system E, B{X,Y)), 

there exist a Banach space Z , two bounded linear operators S : Z ^ Y and T : 
X ^ Z, and a projection-valued probability measure system {QjT,, F, B{Z)) such 
that E{B) = SF{B)T for any B € T,. In other words, every operator-valued 
measure can be dilated to a projection-valued measure. 

Lemma 2.32. Let E, B{X,Y)) be an operator-valued measure system. 

If V is a dilation norm of E, then there exists a constant Ct> such that for any 



sup 



N 



Y,C^E{B ^ B,)x^ 



N 



where N > 0, {Ci}fLi C C, {xi}fL-^ C X and {Bi}fLi C S. Consequently we have 
that 

\\fL<Cv\\f\\v, yfeME. 



Proof. Let Cp = sup^gj^ ||S'pFx)(S)|| . Then obviously C^j < +oo. We also 



have 



sup 



N 



sup 



sup 

BeE 



J2c^SvFv{BnB,)Tv{x,) 

i=l 
N 

Y,C,SvFv{B)Fv{Bi)Tv{^ 



< sup \\SvFv{B)\\ 
seE 



N 



Y,C^FM)Tv{x,) 



Ct> 



N 



V 



□ 



This lemma justifies the following definition for the dilation norm a. 



Definition 2.33. Let {V,,J2,E,B{X,Y)) be an operator-valued measure sys- 
tem. We call a the minimal dilation norm of E and Me^u the a-dilation space. 
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The next result shows that if we start with a projection- valued probability mea- 
sure E, then the dilated projection-valued probability measure on the elementary 
dilation space Me. a is isometric to E. 

Proposition 2.34. Let {n,T,, E, B{X)) be a normalized projection- valued 
probability measure system and a be the minimal dilation norm of E. Then Sa 
and Ta both are isometrics and E is isometric to Fa. 

Proof. Since a is a dilation norm of E, by Proposition 12.271 Sa and Ta both 
are invertible operators with SaTa = Ix and TaSa = ' x G X, we 

have 

llT„x||„ = \\EnAc = sup \\E{B)x\\ < sup \\E{B)\\ \\x\\ = \\xl 
and thus ||rQ,|| < 1. 

On the other hand, for any > 0, {ajfL^ C C, {a; J^i C X and {BJ^Ii C E, 
we have that 



N 



< sup 



Sa I ^ CiEBi,Xi 
N 

J2 C^E {B, n B') X, 



N 



Y,C,E{B,): 

N 



X 



i=l 



and so < 1. 

Since SaTa = Ijc and TaSa — I]^^ , we have that for each x ^ X we have 
11x11 = ||5„T„a:|| < ||T„a:|| < ||x||. 

Hence Ta is a surjective isometry. Similarly Sa is also a surjective isometry, and 
therefore E is isometric to i^Q- D 

Proposition 2.35. Let (f2, S, B{X, Y)) be an operator-valued measure sys- 
tem and a be the minimal dilation norm of E. li Pj : Y ^ Y are norm one 
projections such that X^jii Pj — then 

Ej{B) : E -> B(X,r), Ej{B)x = PjE{B)x, x e X 

is an operator- valued measure for 1 < j < M. Moreover for any X^iLi C!iEBi,xi G 
M^;, we have 



max 

l<j<M 



where Uj is the minimal dilation norm of E.j . 

Proof. It is obvious that for each 1 < j < M, 

Ej{B) -.T,^ B{X,Y), Ej{B)x ^ PjE{B)x, xeX 
is an operator-valued measure. 



N 

'^Ci{Ej)Bi,x, 


< 


N 

CiEBi.xi 


^ E 


N 

Ci{Ej)Bi,xi 




i=l 




1=1 




4=1 
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The "moreover" part follows from: 

JV 



JV 



< 



< 



sup 

B'es 



sup 



|P,|| sup 

JV 



sup 

B'SE 



sup 

B'es 



M 

H sup 



B'6E 



E 

l<j<M 



^CiPji; (Bins') Xi 

1=1 

JV 
i=l 

^Cii; (Bins') a;i 

i=l 

M / N \ 

J^Pj [J2CiE{BinB')xij 

JV 

J2CiPj{E (Bins') a;i) 

i=l 

y^c,(gj)B,,a. 



□ 



Lemma 2.36. //"{i} is an atom m S, then the rank of Fa{{i}) is equal to the 
rank of E{{i}). 

Proof. Suppose that the rank of E{{i}) is k. Then there exist Xi,...,Xk G X 
such that range £^({1}) = span{E{{i})xi, E{{i})xk}- We show that range P({i}) = 
span{Exj^ ^^ij, E^^^^ij.}. In fact, for any a; G X,B G E, we have that F({z})i5B,x = 
E{i},x or 0. Now for any A e S, we have E[iy^x{A) = E{{i})x ifi G A and if i ^ A. 
Write E{{i})x = Y.'^^iCjE{{i})xj. Then wc get E^^^^{A) = Y:']=iCjE{{i})xj = 
Sj=i ^j-^{i},xj (^) if i € A and otherwise. Hence 

k 

and therefore range F{{i}) = span{E^^ ;c^, ...,E^ij^^^, } as claimed. □ 

Problem A. Is it always true that with an appropriate notion of rank function 
for an operator valued measure, that r{F{B)) = r{E{B)) for every B G T,? The 
previous lemma tells us that it is true when B is an atom. A possible "rank " 
definition might be: r{B) = sup{ranfc£'(A) : Ac B,Ag^}. 

Example 2.37. Assume that (N, 2'^, P(X)) is an induced operator-valued 
probability measure system by a framing {xi, t/i}igN of X, where E{B) = Xlies ^i*^ 
Ui for every B e 2^. 
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We characterize its minimal a-dilation space ME,a. Let (N, 2^*, i^a, ^(Afe,^)) 
be the corresponding spectral operator- valued probability measure. Then we have 



By Lemma [2.361 all FQ,({i})'s are rank-one projections. Choose Xi such that 
yi{xi) = 1. Then 



And because Fa{{i})''s are projections with Fa{{i})Fa{{j}) = ^^^^({i}), we know 
that {E'lj-j. is a basis of M^^a^ which is just our minimal framing model basis. 
Actually, for every (a^) G Cqq, we have 



sup 



sup 



sup 



= sup 



sup 



^ai£'({i})ii 



which is equivalent to the minimal framing model basis because of the following 
inequality. 



1 

sup 



C'ldiXi 



< sup 

BCN 



< sup 

ei = ±l 



E^diXi 
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This is because 



o sup 



o sup 



7=-l 



< sup sup 

^ ei = ±l \ BCN 



sup 

BCN 



sup 

BCN 



ieB 



o sup 

^ BCN 



CiCliXi 



^ = -l,i0B 



< 



sup sup 

BCNei = ±l 



€i(liXi 



sup 

ei = ±l 



E 



^i^iXi 



The above example shows that in tlie case that the operator- valued probabil- 
ity measure system is induced by a framing {xi,yi}i^^ of X, then the minimal 
a-dilation space is exactly the one constructed in [CHLj and hence it is always 
separable. However, it is not clear whether this is true in general. So we ask: 

Problem B. Assume that E, B{X)) is an operator- valued measure system 

such that X is a separable Banach space. Is the dilation space a equipped with the 
minimal dilation norm always separable? If not, does there exist a dilation space 
which is separable? 

We end this section with a result concerning this problem. We say that an 
operator valued measure E on (17, S) into B{X) is totally strongly countably additive 
if whenever {Bn} is a disjoint sequence in S with union B, and x X, then given 
any e > 0, there exists N ^ N such that 



supA 



(.^\\^E{Bj nA)x\\ < e 



holds for all n> N. We say that (il, E, E) has a countable Borel basis if there exists 
a countable set B of subsets from E such that for each B E Y,, B = for 
some subsets i?„ from ,B up to a i5-null set (A i?-null set is a set C G E) such that 
E{A) = if A C C and A e S). 

Proposition 2.38. Assume that an operator valued measure E on {ft, E) into 
B{X) is totally strongly countably additive, and that {Q.,'S,E) has a countable 
Borel basis. If X is separable, then so is the dilation space a with the minimal 
dilation norm. 

Proof. Fix x £ X, and let {Bi} be a countable Borel basis for (f2,E,£'). 
Then it is easy to prove that span{£'Bi,a; : i G N} contains Eb,x for every i3 e E. 
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Now fix B G E, and let {xi} be a dense subset of X. Then spa,ii{EB,xi : « G N} 
contains Eb,x for every x d X. Therefore we get that span{EBi.xj '■ hi G N} is 
dense in a and hence a is separable. □ 

2.5. The Dual Space of the Minimal Dilation Space 

In this section we give a concrete description for the dual space of the a-dilation 
space. Let (fi, E, i?, F)) be an operator-valued measure system, Y* be the 
dual space of Y and ^ be the dual space of Me.o- For any y* G Y* and B G 'S, 
define a mapping 4>B,y* ■ Me.o — 5" C by 



J \i=l J 



If EL^^^s.,-. =0, then 



N 



N 



N 



Thus the mapping 4'B,y* '■ Me., 



is well-defined. 



Proposition 2.39. Let ^e = span{(/)s_j^. : y* e Y*,B e E}. Then C 



Proof. It is sufficient to prove that is bounded on ME,a- In fact, this 

follows immediately from the following: 



< \\y 



< 



/ N \ 
(l>B,y* I ''^C'iEBi.Xi I 

y* (^^QEiB n B,){x,)^ 

N 

C,E{B, n B) 

i=l 
N 

CiEBi,xi 



□ 



We will denote the norm on M'^ ^ by a*. Then the space ^e endowed with 
the norm a* is a normed space, which will be denoted by ^E,a* ■ 



Proposition 2.40. For every YliLi C^'/'Si.y* S ^E,a*, we have 



N 



N 



Proof. First, for every (t>y ,b G -^E,a*, by the proof of Proposition 12. 39[ we 



have 



< 
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Thus, for every X^ili ^i4>Bi,v^ <= ^e,^, we get 



N 



N 



N 



i=l 



i=l 



□ 



Since a* is a norm on we denote the completion of under norm a* 
by ^E,a*- Then ^E,a* is a Banach space, and so Me, a' C MJ, ^. 



Proposition 2.41. Ml 



'-E,a* 



Proof. By the Hahn-Banach Separation Theorem with respect to the w*- 
topology, it is enough to show that Me, a* separates Me, a- If not, then there is 
an / e ME,a with = 1 such that g*{f) = for every g* e M^^^. For any 

< e < 1/2, we can find a, g & ME,a with \\g\\a = 1 and ||/ — < e. Let 



g = J2^=i ^i^Bi,xi be a representation of g. By the definition of a-dilation norm, 
there is £ e S satisfying 



N 



Y,CiE{Bif\B){xi) 



> 1 - e. 



Take an y* e Y* such that 



N 



y*[Y,CiE{Bif^B)xi 



Then for G ME,a'i 



N 



Y,CiE{BinB)3 



> 1-e. 



<l>B,y'{g) = <l>B,y' (^^QEb„x^ = y* ^^(7^^(5^0 5)0;^^ > 1 - e 

and ||^B,j,*||„. < = 1. Tlius, we have 

(t>B,y{f) = 4>B,v'U - g) + (t>B,y'{g) 

> l~^-UB,y4a4f-9\\ 

> l-2e 

> 0, 



which leads to a contradiction. Thus M^ ^ = Me,c 



□ 



2.6. The Maximal Dilation Norm j] • ||„ 

In this section, we construct the "maximal " dilation norm for the elementary 
dilation space Me- Let (fi, S, i?, _B(X, F)) be an operator-valued measure system. 
Consider the basic elements Eq ^ € Me- It is natural to require that 



(2.5) 



||-Bb,x|| < sup \\E{Br\B')x\\ 
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Now let / be any element of Me- If Yl!i=i CiEBi,Xi is a representation of /, then 
it follows from the triangle inequality that 

N 

\\f\\<Y,s^P\\CiE{Bir)B)xi\\. 



Since this holds for every representation of /, we get 

N 

11/11 < inf I V sup 11^^(5, n B)x,\\}, 



where the infimum is taken over all representation of /. Define || • \\u, ■ Me — >■ 
M+ U {0} by 

{N ^1 
^ sup \\CiE{Bi n B)xi\\ : / = ^ C,£b„., & Me\ . 
i=i i=i J 

Then we have the following proposition. 

Proposition 2.42. || • is a semi-norm on Me and 
\\Eb,xL = sup \\E{BnB')x\\ 
for every B G T, and x G X. 

Proof. First, we show that ||A/||j^ = |A| ||/||^^. This is obvious when A is zero. 
So suppose that A ^ 0. If / = C'i-BBj.ccj is a representation of /, then 

N N 

A/ = XCjEBj^xj = CjEBj^xxj, 

and so we have 

JV N 

IIA/IL < E sup Wd^iBi n B){Xxi)\\ = |A| V sup \\CiE{Bi n B)xi\\. 

Since this holds for every representation of f, it follows that ||A/||^ < |A| ||/||. In 
the same way, we have ||/|L = \\X-'XfL < 1^1"' H^/L' giving |A| ||/|L < WL- 
Therefore \\Xf\l = |A| ||/|L. 

Now, to prove that || • ||„ satisfies the triangle inequality. Let f,g & Me 
and let e > 0. It follows from the definition that we may choose representations 
/ = Eili CiEBi,xi and g = YfjL\ CjEy.^Aj such that 

N 

V sup \\C,E{Bi n B)xi\\ < ll/L + e/2, 

M 



^ sup \\CjE{Aj n A)xj\\ < + 



Then J2iLi CiEBi,xi + S^^i (^jEAi,yi is a representation of f + g and so 

TV M 



II/+5L < E^UP \\CiE{BinB)xi\\+y^snp \\CjE{AjnA)xj\\ < \\f\\u. + \\9L + e. 
Since this holds for every e > 0, we have ||/ + < ||/||w + ||5||w 
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Finally, we must show that ||i?B,2:|| = sup^/^j^ \\E{B D B')x\\. On the one 
hand, it is clear that < supg, ^^\\E{B O B')x\\. On the other hand, if 

Eb.x ~ X]t=i CiEsi.xi is a representation of Eb,x, we have 



N 



sup \\E{Br\ B')x\\ = sup \\J2CtE{B^nB') 



i=l 
N 



< sup \\C^E{B,nB')x^ 

N 

< V sup \\C^E{B,nB')x, 



_^ S'GS 

Since this holds for every representation of Eb.x, it follows that sup^/^^ \\B{B D 
B')x\\ < \\EbM\^. Therefore \\Eb,xL - supB,^^ \\E{B n B')x\\. □ 

We define an equivalence relation i?^ on Me by / ^ g if ||/ — g\\uj — 0. Then 
II • is a norm on Me- Denote by Me,uj the space of the i?^-equivalence classes of 
Me endowed with the norm || • Ij^^, and by Me,u for its completion. 

Theorem 2.43. || • is a dilation norm of E. 

Proof. Let N > 0,JCJ^i c C, {x,}fL^ C X and {B,}fL^ c S. First, we 
show that the map 5*^^ : Me^uj — > Y defined on Me,u: by 



N 



N 



is well-defined and 115*^^11 < 1. If / = X^ili CiEB^^Xi is a representation of /, then 



l|5.(/)|| = 



N 



J2 C^E{B,)2 



N 



< ^ sup \\C^E{B,C^B)x 



Since this holds for every representation of /, it follows that ||S'w(/)|| < ||/||w 
Therefore is well-defined and bounded with \\Su\\ < 1. 

Now, to prove that the map T^^ : X — )■ Me,u: with T{x) ~ E^^^ is bounded 
with 1 1 To, 1 1 < lli^ll. It follows from the definition of that 



.,|U - sup \\E{B)x\\ < \\E\\ ■ \\x\\ 
Bes 



Thus, IIT^II < \\E\\. _ 

Finally we need to prove that the map : E — > B{Me.lj) defined by 



N 



N 



Elj{B) I 'y^CiEBi.xi I = CjEBnBj 



\i=l 



is an operator- valued measure. By Lemma I2.25[ we only need to show that fl^ 
is strongly countably additive and uniform bounded on Me,cj- The proof is very 
similar to that in Theorem 12. 301 We include it here for completeness. 
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If / = J2iLi CiEBi,Xi is a representation of /, then 
\\FAB){f)L = 



N 



N 



< 



V sup \\CiE{Bi n B n B')xi\ 



N 



= y sup \\CiE{BinB')xi\\. 

Since this holds for every representation of /, it follows that < 
ll/llo;, which implies that \\F^{B)\\ < 1. 

For the strong countably additivity of F^^, let {Aj}^^^ be a disjoint countable 
collection of members of S with union A. Then 

M / N \ / N \ 

Y,FUAj) ^Qi^B.,.. - F^{A) 

j=l \i=l / \i=l / 

M / N \ / ^ \ 

I C'i-S^Ajl-lBi.Xj 1 — j ''^CiEAnBi,Xi I 

AT / M 

i=l \j=l 



sup 



sup 

TV 



AT / M 



^ CJ ^ E{Aj nBiH B')xi - E{A 5^0 B')a 
i=i \j=i 



i=l \j=M+l 



< y]ic«i sup 

AT 

= V |Ci| sup 

A 

= V IQI sup 



i=l 



CX) 

i=M+i 



y E{AjnB'), 

j=M+l 



If sups^es E,°lM+i^(^.ni?')a 



does not tend to when M tends to oo, 



then we can find S > 0, a. sequence of m < mi < n2 < m2 < ns < ms < . . . , and 
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{B'i}1^i C S such that 



>S, V/eN. 



Obviously, for ^ e N and ni < j < mi, Aj D B[ are disjoint from each other, so 

(OG mi \ cxj mi 

;=1 j=ni J 1=1 j=ni 

which impHes ||X]j^n, B{Aj D Bi)xi^ 0. It is a contradiction, hence we have 

CN \ oo / N \ 

1=1 / j=l \i=l I 

Thus is strongly countably additive. 



□ 



In what follows we will refer uj as the maximal dilation norm of E. From 
Proposition 12.421 we have that both the minimal and the maximal dilation norms 
agree on the elementary vectors E^^b, i-e., ||-Ea;,B||a = ll^'x.sllw 

Finally we point out that for some special operator- valued measure systems, 
there are some other natural ways to construct new dilations norms. We mention 
two of them for which we will only give the definition but will skip the proofs. 

Let (ri, E, E, B{X, Y)) be an operator- valued measure system. The strong vari- 
ation of E is the extended nonnegative function |i?|soT whose value on a set B € E 
is given by 



\E 



SOT 



sup |E] • ^ ^ Bx, BiS are a partition of 



sup \E,\{B). 

xex 



If |£^|soT(f^) < oo, then E is called an operator-valued measure of strongly hounded 
variation. Similarly, the weak variation of E is the extended nonnegative function 
I i? I WOT whose value on a set B G E is given by 



\E\ 



WOT 



{B) 



sup |E/ \^* {B{Bi)x)\ : X ^ X,y* ^Y* , Bi's are a partition of B^ 



sup \E.,^y>\{B). 
xex.y'eY" 



If |i?|woT(f^) < oo, then E is called an operator-valued measure of weakly bounded 
variation. 

For an operator-valued measure of strongly bounded variation (respectively, of 
weakly bounded variation) , we have a natural approach to construct a dilation 
norm on AIe. Now let / — J^iLi CiEBi,xi be any element of Me. Define u>{f) and 
M/) by 

M N 

Lo{f) = sup I E] II E/ ^'^'■^^ ^J-^"*"* : ^j's are a partition of 17 1 

j=i t=i 
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and 



M 



m/) = sup<j^ 



N 



J2CiEiBinAj)xi 



: y* e Y*,Aj's are a partition of Ct 



= sup \y*Efm) 



Then it can be proved that oj (resp. W) is a dilation norm of E. 



CHAPTER 3 



Framings and Dilations 

We examine the dilation theory for discrete and continuous framing-induced 
operator valued measures. We also provide a new self-contained proof of Naimark's 
Dilation Theorem based on our methods of chapter 2, because we feel that this 
helps clarify our approach, and also for independent interest. 

3.1. Hilbertian Dilations 

In the Hilbert space theory, the term "projection" is usually reserved for "or- 
thogonal" (i.e. self-adjoint) projection. So in this Chapter we will resume this 
tradition. The term "idempotent" will be used to denote a not necessarily self- 
adjoint operator which is equal to its square. Throughout this chapter, % denotes 
the Hilbert space and I-u is the identity operator on T-L. Let 2^ denote the family 
of all subsets of N. 

Definition 3.1. Given an operator-valued measure £':!]—> B{T-L). Then E 
is called: 

(i) an operator- valued probability measure if E{Q?j = I-^, 

(ii) a (orthogonal) projection- valued measure if E{B) is a (orthogonal) projec- 
tion on % for all i? e E; an idempotent-valued measure if i? is a spectral 
in the sense of Definition 12.51 

(iv) a positive operator-valued measure if E{B) is a positive operator on % 
for all B e S. 

Let E, B{T-L)) be an operator- valued measure system. The definition of 

dilation space is the same as in section 2.2. Keep in mind that not every operator- 
valued measure on a Hilbert space admits a dilation space which is a Hilbert space. 

Definition 3.2. Let E, BCH)) be an operator-valued measure system. 

We say that E has a Hilbertian dilation if it has a dilation space which is a Hilbert 
space. That is, E has a Hilbert dilation space if there exist a Hilbert space JC, 
two bounded linear operators S : JC ^ H and T : H — >■ /C, an idempotent-valued 
measure F : E B{JC) such that 

E{B) = SF{B)T, VB G E. 

Theorem 3.3. Let {Q,T,,E,B{'H)) be an operator-valued probability measure 
system. If E has a Hilbert dilation space, then there exist a corresponding Hilbert 
dilation system (57, E, F, B(IC), V* , V) such that V : H ^ IC is an isometric embed- 
ding. 

Proof. Prom Proposition I2.16[ we know that if an operator-valued measure 
can be dilated to a spectral operator-valued measure, then it can be dilated to a 
spectral operator-valued probability measure. So without losing the generality, we 
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can assume that the corresponding dilation projection- valued measure space system 
{ft, E, F, B{K,), S, T) is a probability measure space system, where /C is the Hilbert 
dilation space. 

Since E and F are both operator- valued probability measures, we have that S 
is a surjection, T is an isomorphic embedding and 1-h = ST. Let P = TS : /C TH. 
Then P is a projection from K, onto TH. Hence 

K = PK(Bk {Ik - P)IC = TH (Bk {Ik - P)IC 

Prom 

S{Ik: -P) = S- STS = S-S = 0, 

we get that 

(Ik - P)/C C kerS. 
On the other hand, for z G )C, if Sz = 0, then 

{I,c- P)z = z-Pz = z- TSz = z€{I,c- P)IC 

Thus 

K, = TH®K kerS. 

Define 

H = H®2 kerS. 
It is easy to see that the operator 

U ■.K = TH®K. kerS --tH=H®2 kerS 

defined by 

U = T-\n®lkerS, 

is an isomorphic operator. Let V — UT be an operator form H ^ H. For any 
X GH,we have 

\\Vx\\^ = \\UTx\\^ = \\x\\n. 

Thus V is an isometric embedding. 
Define 

F:T.^B{H), F{B) = UF{B)U-^. 
Then P is a spectral operator-valued probability measure. Now we show that 

E{B) = V*F{B)V, \/B e S. 

Since 

V*F{B)V = V*UF{E)U-'^V = {UT)*UF{B)U-^UT = {UTyUF{B)T, 

we only need to prove that {UT)*U = S, as claimed. 

For any x gH and z = Txi + Z2&IC, where Z2 € kerS and xi e H, 

{{UT)*Uz,x)n = {Uz,UTx).fi = {UTxi + Uz2,x).fi = {xi,x)n 

and 

{Sz,x)h = {STxi + Sz2,x)h = {xi,x)u 
Hence {UT)*U = S. □ 
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The classical Naimark's Dilation Theorem tells us that if i? is a positive operator- 
valued measure, then E has a Hilbert dilation space. Moreover, the corresponding 
spectral operator-valued measure F is an orthogonal projection- valued measure. 
Although this is a well known result in the dilation theory, for self completeness 
here we include a new proof which uses similar line of ideas as used in the proof of 
the Banach space dilation theory. 

Theorem 3.4 (Naimark's Dilation Theorem). Let E : T, ^ B{T-L) he a 
positive operator-valued measure. Then there exist a Hilbert space K., a hounded 
linear operator V :% ^ K, and an orthogonal projection-valued measure F : E — )• 
B{K) such that 

E{B) = V*F{B)V. 

Proof. Let Me = s\>axi{EB,x : a; G 7^,5 e S} be the space induced by 
(O, E, E, BCH)). Now we define a sesquilinear functional ( , ) on this space by setting 



N 



M 



N M 



i=i 



i=l 3 = 1 



Actually, if YJ^^i Eb„x, = 0, then for 1 <j < M, Y.Zi E{Bt n Aj)x, = 0. Thus 
this sesquilinear functional is well-defined. Since for any / = X^il^i BBi,xi (without 
losing the generality, we can assume that Bj's are disjoint from each other), we 
have that 



N 



N 



N N 



N 



\i=l j=l I i=l j=l i=l 

Thus it follows that ( , ) is positive definite. 

Obviously, this positive definite sesquilinear functional satisfies the Cauchy- 
Schwarz inequality, 

l(/,ff)P<(/,/)-(fl,5). 

Hence the sesquilinear functional ( ,) on Me is an inner product. Let Me denote 
the Hilbert space that is the completion of the inner product space M^, and the 
induced norm is denoted by || • Hjy^- 

For every B e S, define a Unear map F{B) : Me Me by 

/ N \ N 

F{B)[J2Eb.,x. =E^-. 



vi=l 



i=l 



It is easy to see that F{B) is a projection. Take J2iLi Est^xi S Me, then 



F{B)[Y,Eb,,x, 

\i=l / 



N 



J2{E{BnBi)xi,Xi)n 



Me 



i=l 

N 



< ^{E{Bi)xi,Xi)n 
i=i 

N 

> Eb, .X4 
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Me 



So = 1 or \\F{B)\\ = 0. Moreover, we have 

/ / N \ M \ N M 

\ ) j=l I J^^ i=l J=l 

IN I M 

Thus FiE) is a self-adjoint orthogonal projection. 
Now we define 

Since 

\\Vxf~^^{E{n)x,x)u<\\Em-Mu. 
we know that V is bounded. Indeed, it is clear that 

\\V\\^ - sup{(S(r!).x,x)„ : ||x||„ < 1} - 11^^(^1)11. 
Observe that for any x,y ^H, 

{V*F{B)Vx,y)n = {F{B){En^^),V{En,y))^,^ = {EiB)x,y)n, 
so E{B) — V*F{B)V , which completes the proof. □ 

For general Hilbert space operator-valued measures, Don Hadwin completely 
characterized those that have Hilbertian dilations in terms of Hahn decompositions. 
Let be a compact Hausdorff space and E be the cr-algebra of Borel subsets of 
ri. Recall that a S('H)-valued measure E is called regular if for all x,y E H the 
complex measure given by < E{-)x,y > is regular. 

Theorem 3.5. /" [HAj j Let E he a regular, bounded B{'H)-valued measure. 
Then the following are equivalent: 

(i) E has a Hahn decomposition E = [Ei — E2) + i{E^ — E^), where Ej{j — 
1,2,3,4) are positive operator-valued measures; 

(ii) there exist a Hilbert space /C, two bounded linear operators S : K, ^ % and 
T :% ^ K., an projection-valued measure F : Y, ^ B[K.) such that 

E{B) = SF{B)T, VB G E. 

3.2. Operator- Valued Measures Induced by Discrete Framings 

Let {xijigN be a non-zero frame for a separable Hilbert space %. Then the 
mapping E -.H ^ B{H) defined by 

E{B) = J2x^'^x^^ VBe2N, 

is a positive operator-valued probability measure. By Theorem 13. 4[ we know 
that E have a Hilbert dilation space Me, the corresponding operator- valued mea- 
sure F is self-adjoint and idempotent. Obviously, the rank of F{{i}) is 1, so 
is an orthonornial basis of the Hilbert space Me- For any 
B e 2"^, ifi&B, then 

E{,y^,{B) = E{B n {i})x = E{{i})x = {x,x^)x^, 
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E{i},xi{B) _ {x,Xi) 



E{Bn{i})x, = 



\X^ Xi) 



Xi 



\XijXijXi {X^XijXi. 



Thus Es^i^ x — {x, Xi) ii^J^y^ ■ Then V is the traditional analysis operator and V* is 
the traditional synthesis operator. This is because 



Vx = E^^fi = ^(x,; 



and 



E{i}„ 



E{{i})x, 



E 



CliXi 



Definition 3.6. Let {xijigN and {j/ijigN are both frames for H. We call 
{xijigN and {2/j}jeN are scale equivalent if for each i G N, yi — XiXi for some 
Xi G C. {xijigN and {yi}igN are called unit-scale equivalent if we can take |Aj| = 1 
for all i e N. 

Lemma 3.7. Two frames {xi}i^fi and {j/ijigN are unit-scale equivalent if and 
only if {xi}i^ti cind {yi}i<=n generate the same positive operator-valued measure. 

The following theorem shows exactly when a framing induced operator- valued 
measure has a Hilbertian dilation. 

Theorem 3.8. Let (xi,yi)itzfi be a non- zero framing for a Hilbert space %. Let 
E be the induced operator-valued probability measure, i.e., 

E{B)^^x^®y^, VBCN. 

Then E has a Hilbert dilation space K, if and only if there exist ai,l3i G C,i € N 
with aif3i — 1 such that \oiiXi\i^fi and {/3i2/i}iGN both are the frames for the Hilbert 
space H. 

Proof. We first prove the sufficient condition. If E has a Hilbert dilation space 
/C, then by Theorem 12.261 there is an elementary dilation operator- valued measure 
system (ft, S, Fj), B{Me,v), Sj), Tp) of E. Since the norm on Me,v is defined by 



J2FiB,)Tia 



Me,t> is a Hilbert space. 

Recall that the analysis operator 

Tv-.n^ Me,v, Tv{x) = E^^a 
and the synthesis operator 



St> ■ Me,t> 



^, ^E = E 



are both linear and bounded. It is easy to prove that i^-p({i}) is rank 1 for all i G N. 
By Lemma [2. 121 there is a Riesz basis (pi on Me,v such that 
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Hence 

For any x dH, we have 

iGN isN ieN ieN 

Thus we know that {5'x)0i}ieN and {Tp(/)*}igN both are frames for "H and 

So there is only a scalar adjustment Sv4'i — ctiXi and Tp^* — PiUi with ai/?^ = 1. 

For the necessary part, assume that there exist a^, /3i S C, i G N with aiPi = 1 
such that {aiXi\iizfi and {/3i?/i}ieN both are the frames for the Hilbert space %. By 
Proposition 1.6 in [HL], we have a Hilbert space /C, a Riesz basis {z^jieN and a 
projection P : /C — > "H such that Pzi = aiOii. Let be the dual Riesz basis, 

then (zj, z*) = Si^j. Define S = P 

T-.n^lC T*z* = I3,yi 

and 

F : 2^* ^ B{IC) F{B) = Zi® z* VB e 

Then T is a linear and bounded operator and P is a spectral operator-valued 
measure. For any x €1 H and B E 

SF{E)Tx sY{Tx,z*)z, = Y{x,T*z*)Pz^ 

ieB ieB 

= '^{x, (iiyi)aiXi = ^(x, yi)xi 

ieB ieB 

= E{B) 

Thus K. is the Hilbert dilation space of i?. □ 

Since a completely bounded map is a linear combination of positive maps, the 
following Corollary immediately from Theorem 13.51 and Theorem 13.81 

Corollary 3.9. Let {cCi,yi}ieN be a non-zero framing for a Hilbert space T-L, 
and E be the induced operator- valued probability measure. Then i? is a completely 
bounded map if and only if {xi, t/i}igN can be re-scaled to dual frames. 

By using this theorem, we can prove that the first example of framing in Chap- 
ter 5 can not be scaled to a dual frame since the induced operator- valued measure 
doesn't have a Hilbert dilation space. 

Lemma 3.10. |Chl Lemma 5.6.2] Assume that {xijigN and are Bessel 

sequences in %. Then the following are equivalent: 

(i) X = J2ieNi^'yi)^^' Vx e "H. 

{ii) X ^j2zeN(^'^^)y^' yxen. 

(iii) = j]^gpj(x,x,)(yj,a;j), yx,yeH. 

In case the equivalent conditions are satisfied, {xi}i£fi and {yi}ieN are dual frames 
forU. 
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Lemma 3.11. [Si| Lemma 14.9] Let {xi}i£ti be a system of vectors in H. If 
X^ieN^* converges unconditionally inH, then 

<C<+O0. 

The following lemma can be proved by using the Orlicz-Pettis Theorem. 

Lemma 3.12. A pair {xi, yi}i<£N is a non-zero framing for a Hilbert space % iff 
{yii Xi\i(z^ is a non-zero framing for %. 

The following provides us a sufficient condition under which a framing induced 
operator-valued measure has a Hilbertian dilation. 

Theorem 3.13. Let {xi^yi}i^^ be a non-zero framing for a Hilbert space %. 
If inf • > 0, then we can find ai,Pi e C,i G N with UiPi = 1 such 
that {aiXi}i^fn and {ftj/ijieN both are frames for the Hilbert space %. Hence the 
operator-valued measure induced by {xi,yi}igN has a Hilbertian dilation. 

Proof. Since {xi, yi}igN is a non-zero framing for we have by Lemma 13.121 

that 

ieN ieN 

and the series converges unconditionally for all x G H. Applying Lemma 13.111 to 
the sequences {{x,yt)xi}i(zN and {(x, Xi)?/JieN, we get 

Y,\{x,yi)\'^\\xi\\^ <+oo, and ^ |(a;,a;,)|^ < -Kcx). 

ieN ieN 

Let 

a^^i\\y^\\/\\x^\\y^^ and A - 1/a, = ( 1 1 X, 1 1 / 1 1 1 1 ) . 
It is easy to see that 

Y^i, \|2 
2^\{x,a,Xi)\ = 2^- 



ieP 



^ inf||.J|.||,.||gl<^'^^^l'"l^^ll'<+°° 



and 



^ ■ fll ! <+oo, 

Hence {a^aJijieN and {/3iyi}ieN are both Bessel sequence. For any x € 'H, we have 
X = ^{x,l3iyi)aiXi = ^{x,aiXi)f3iyi. 

ieN ieN 

By Lemma 13.111 we conclude that {aiXi}i£fi and {/3iyi}ieN both are frames for 
H. □ 
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Recall from Dai and Larson [DLj that a unitary system U is a. subset of the 
unitary operators acting on a separable Hilbert space Ji which contains the identity 
operator /. We have the following consequence immediately follows from Theorem 

Corollary 3.14. Let and ^2^2 be unitary systems on a separable Hilbert 
space H. If there exist x,y G H such that {'^ix, ^2y} is a framing of H, then {"^ix} 
and {"^22/} both are frames for H. 

We remark that there exist sequences {xn} and {yn} in a Hilbert space H with 
the following properties: 

(i) X = X]n(^i Xn)yn hold for all a; in a dense subset of and the convergence 
is unconditionally. 

(ii) zn/||x„||.||2/„|| >0. 

(iii) {a;„,2/„} is not a framing. 

Here is a simple example of this type: Let % — L^[0,1], and g{t) — i^/^, 
f{t) = l/g{t). Define a;„(t) = e2'^"*/(i) and y„(i) = e2""*g(i). Then it is easy to 
verify (i) and [ii). For (iii), we consider the convergence of the series 

^■n)yn- 

Note that \\{f,Xn)yn\? = ' llsiP and {(/,a;„)} is not in (since ^ 

L'^[0, 1]). Thus, from Lemma lB.lll we have that ^„{f, Xn)yn can not be convergent 
unconditionally. Therefore {a;„,y„} is not a framing. 

3.3. Operator- Valued Measures Induced by Continuous Frames 

We mainly examine the positive-operator valued measure induced by continu- 
ous frames investigated by Gabardo and Han in |GHj and also by Fornasier and 
Rauhut in |F_R,] . At the same time, we will introduce a few new "frames" including 
operator-valued continuous frames and operator-valued /x-frames, both generalize 
the concept of continuous frames. 

Definition 3.15. Let "H be a separable Hilbert space and VI he & cr- locally 
compact (cr-compact and locally compact) Hausdorff space endowed with a positive 
Radon measure /x with supp/x = 51. A weakly continuous function : il — > "H is 
called a continuous frame if there exist constants < Ci < C2 < cxd such that 

Ci||a;||2< ( Kx, J-(w))|2d^(w) < Czllxf , e 
Jn 

If Ci = 6*2, then the frame is called tight. Associated to F is the frame operator 
Sjr defined by 

S^-.n^n, (5^(x),y):= [ {x,J^(,j))-{J^{Lj),y)dfi{uj). 

Then Sjr is a bounded, positive, and invertible operator. We define the following 
transform associated to 

V^:H^ L''{n,ii), VAx){lo) := {x,T{u)). 

Its adjoint operator is given by 

: L\n,p) ^ n, {V^{f),x) := j f{u;){J^{io),x}dfi{u:). 

Jn 
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A weakly continuous function T : fl ^ H is called Bessel if there exist a 
positive constant C such that 



1/2 



\{x,T{uj))\^dniuj) < C\\xf, \fx e n. 
Let B be the Borel algebra of ft and T : ft H he Bessel. Then the mapping 

E^:B^ B{H), {E^{B)x,y) = [ {x,T{uj)) ■ {J^{oj),y)dfi{uj) 
is well-defined since we have 

\{EAB)x,y)\ = [ {x,T{co))-{T{co),y)df,{ij) 
Jb 

< [ |(x,^H)|-|(^H,2/)|dMH 

Jq 

< [lj{x,:F{u))\'df,{u)y^' ■ [Jj{H^),y)\'d,,{u)) 

< C- ||a;|| • ||y||. 

and therefore < C for all E e B. 

Lemma 3.16. Ejr defined above is a positive operator-valued measure. 
Proof. The positivity follows from that 

{E^{B)x,x)= [ \{x,J^{uj))\^dii{w)>0 

holds for all x inH. 

Assume that is a sequence of disjoint Borel sets of f2 with union B. 

Then we have 

= / {x,J^{uj)) ■ {J^{u>),y)dfi{uj) 
Jb 

= {EAB)x,y) 

for all x.y in "H. Thus Ejr weakly countably additive, and hence it is a positive 
operator- valued measure. □ 

Lemma 3.17. Let T\ and J^2 be two Bessel functions from il. to %. Then T\ 
and Ti induce the same positive operator-valued measure if and only if Ti = u- T2 
where u is a unimodular function on Vt. 

Proof. Since Ej:^ = Ej:^, we have 

\{x,TiiLo))\''dfi{Lj) = {E^,iB)x,x) = {E^,{B)x,x) = f | (x, J-aH) ^^^(a;) 



for all G S and x gH. Then by the continuity, we have \{x,J^i{lo))\ = |(a;,^2(w))| 
for all a; e 'H and lv Gfl. Thus we have 

Then there is a unimodular function on ft such that J^i(w) = u{uj) ■ J^2(w). □ 
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From Theorem 13.41 we know that Ejr has a Hilbert dilation space Me^- The 
foUowing theorem shows that M^^ is isometric to 

Theorem 3.18. Suppose that suppJ^ = Q. Then the dilation Hilbert space Mejt 
is isometric to L^{il,fi) under the following natural linear surjective isonietry 

Proof. Without losing the generality, we can assume that {Bi} is a disjoint 
countable collection of members of S. Then we have 

2 



Me 



y^^{Ejr{Bi)Xi,Xi) 

i 

J2 I \{x^.H^))\'d^,{^) 



d fi{uj) 



Thus U is an isometry. 

Now we prove that U is surjective. Because all the functions X-b(w) are dense 
in L^{^l, ^i), where B is any set in Q. So we only need to approximate with 
< fi{B) < oo. Since /i is a Radon measure which is inner regular, without losing 
the generality, we can assume that B is compact. Then for any u £ E , we can find 
an a;o € "H such that {xq,T{uj)) ^ 0. Let x,^ = xq/{xo,J-'{uj)). Then 

{Xu,,T{u!)) = 1. 

Since is a weakly continuous function from 57 to "H, there is a neighborhood 
of uj such that for all u G , 



\{x^,T{v))-l\ < 



Then we have E C U^^bI^u- Since E is compact, there are finitely many {uJi}i<i<N 
such that B C HiKiKNUoji , and hence B = [Ji<i<NiU^-{^B). We can find a sequence 
of disjoint subsets U^- of U^. n B such that B = Ui<i<jvZ^tj;. Then we have 

2 

XB{oj)y 



N 



2 



< 



N 

EM^"-)^ = - 



d fJ.{uj) 
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Therefore U is surjective as claimed. □ 

Then we can write the orthogonal projection- valued measure F on the dilation 
space as follows: 

Theorem 3.19. Let F{B) be the orthogonal projection-valued measure in The- 
orem \3m Then we have F{B) = U*xb U for every i? G S. 



Proof. From Theorem 13.41 we know that 



Also for any y ^ H and A e S, we have 

XB{^){x,T{uj)),XA{i^){y,J^{i^)) 



x,T{uj)) ■ {T{uj),y)dfi{uj), 



BnA 



and 



{E^B,x,ETA,v)ri^^ = {ET{BnA)x,y)y^ 

{x,F{u)) ■ {F{u),y)dfi{uj). 



BnA 



Thus 



Since 



U* {xb{co){x,T{u;)))^E, 



FB-. 



U*XBu{^E^B,^.}j = T.^* 

= ^U*XB{^^)XBi{^){x^,F{uJ)) 



Y,U*XBnBA^){ 

i 



3nBi 



F{B) {^E^B.,.}j , 



we get F[B) = U*xb U, as claimed. □ 
Theorem 3.20. Suppose that supp J" = Q. If 

L:=M{\\EAB)\\--\\EAB)\\ > 0} > 0, 
then f2 is at most countable, that is, every point in is an open set. 
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Proof. Let L ^ inf{||i;^(B)|| : \\Ej^{B)\\ > 0} > 0. First we show that for 
any open subset U of O, we have > 0. Choose uju € U and xu such 

that {xu , J^{iOu)) 7^ 0. Then we have 



{Ej,{U)xu,xu) = / \{xu,J^{io))f di^{u)) 
Ju 



> I \{xu,Hu;)}\'dii{u;) 

J{ujeU:\{xu,J'{oj)}\>\{xu,J'{oJu))\/'2} 

> fi{uj€U: \{xu,Huj))\ > \{xu,HuJu))\/2} ■ \{xu,HoJu))\V4: 

> 0. 



Thus ||£;jr([/)|| > 0, and so ||i^jr([7)|| > L for any open set U. 

Fix any G Q. Since O is locally compact, we can choose a compact neigh- 
borhood U^g of ojq. Since J^{U^o) is weakly compact, we have 

M := sup ||J"(a;)|| < oo. 
Thus, for any open subset U C U^o, we get 



\{EAU)x,y)\ = 



Ju 



< f Kx,J^(a;))|-|(^H,2/)|dMH 
Ju 

< (^jJxr■M^d^,{u:)Y^.(^j^M'.\\yfd,x{u:)y'^ 

< ^liU)■M'■\\x\\■\\y\\. 

This implies that \\Ejr{U)\\ < M^fi{U). By ||£;jr(f7)|| > L, we obtain that ii{U) > 
L/M^ > for all open subsets of Uuig- Let 

= {V : V^is an open subset of U^jg containing wq} 

and 

L := inf ii(V) > L/M^ > 0. 

We can choose K>o € V^o such that A<(K)J <L + L/{2M'^). 

Now, we prove that V^^g = {ujq}. If there is another w\ G and oji ^ uio, 
since ft is Hausdorff, wc can find an open set W^j^ C V^g C U^jg containing Uq, and 
an open set W^j^ C K^o U^jg containing wi such that and W^g fl W^i = 0. Since 

Wug G Vuig, we have Ai(W^wo) > Thus, 

Z + L/(2M2) > ^(K.J > ^(VK^.J + > Z + L/M2, 

which is a contradiction. So {wq} = Kuo is an open set, hence ^l is at most countable. 

□ 
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Corollary 3.21. If H is separable and Ejr is a projection- valued measure, 
then ft is countable. 

We briefly discuss one generalization of a continuous frame. 

Definition 3.22. A function T : fl ^ B{'H,'Ho) is called an operator-valued 
H-frame if it is weakly Bochner measurable and if there exist two constants A,B>0 
such that 



AMI < I m<^)xrnM^) < BMn 
Jn 



holds for all a; e 'H. 

Similar to the continuous frame case we have: 
Theorem 3.23. Then the mapping 

Jb 

is an operator-valued measure. 

Deflne an operator •.'H ^ -^^(m; ^o) by 

{ejrx){L0) = F{UJ)X, \/ X Gn,U! GQ. 

It is easy to see that is a bounded linear operator. In fact, it is injective 
and bounded below. For operator-valued /x-frames the dilation space is very much 
similar to the regular frames case. 

Theorem 3.24. L'^{fi;'Ho) is a Hilbert dilation space of Ej^. 

Proof. Define a mapping J> : S B{L'^{iJ,;Ho)) by 



{F^{B)f){co) 



0, w ^ 0. 



Then Fjr is a self-adjoint projection- valued measure. 
Since 

{9*^F^{B)0^x,y)^ = {FAB)e^x,ejry)^.^^.,,^^ 

= {F^{B)F{oj)x,F{u:)y)^,^^.^^^ 
= (XijMJ"(w)x, J"(u;)7/)^2(^.„j,) 

= / {J^{u>)x,J^{uj)x)nodlJ,{uj) 
Jb 

= {E^{B)x,y)n 

Thus i^(/i;'Ho) is a Hilbert dilation space of Ej^. □ 

The operator 9jr is the usual analysis operator and 9"^ is the usual synthesis 
operator. The frame operator on H is defined by 
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For any x,y ^ H, we have 



/ (J"(w)x,7'(w)y)-Hod/x(w) 
Jn 

[J^*{w)T{u)x,y)ndii{uj) 



Thus 



and 



Jn 
Jn 

where the equation is in weak sense, i.e. 

Jn 

{Sj^x,y)H = / {J^*{cv)J^{uj)x,y)'Hdi^{w). 
Jn 

Therefore for each operator-valued /x-frame, we have four associated operator- 

vahied measures on (r2,S), namely: 

(i) The frame operator- valued measure Ejr : E — > B{H) is defined by 

{Ej.{B)x,y)n = / {T{uj)x,T{ijj)y)Had^.{'^); 
Jb 

(ii) The analysis operator-valued measure aj^ : S — )• B{H,L'^{fjb;%o)) is de- 
fined by 

I ru\ \r \ f •^(w)a;, u € B, 
(aHB)x)M = | ^^Q. 

(iii) The synthesis operator- valued measure ajr : 'E ^ B{L'^{fi;'Ho),'H) is de- 
fined by 



aj^{B)f,x)-H = / {f{u>),J^{u>)x}-HodlJ.{ui); 
Jb 



(iv) The self-adjoint projection- valued measure Fjr : S B{L'^ {^,;%q)) is 
defined by 

0, w ^ 0. 



{F:F{E)f){uj) 



CHAPTER 4 



Dilations of Maps 

In this chapter we estabhsh some dilation resuhs for general linear mappings of 
algebras, mainly focusing on (not necessarily cb-maps) on von Neumann algebras, 
and more generally on Banach algebras. The ideas for our proofs come indirectly 
from our methods in Chapter 2 for OVM's. 

We begin with a possibly known purely algebraic result fProposition l4.ip which 
shows that dilations of linear maps are always possible even in the absence of any 
topological structure. In the presence of additional hypotheses stronger results are 
possible: When a domain algebra, mapping and range space have strong continuity 
and/or structural properties we seek similar properties for the dilation. This plan 
led to our other results. Theorem 14.101 states that for any Banach algebra and 
any bounded linear operator (\> from £/ to BCH) on a Banach space H, there exist 
a Banach space Z, a bounded linear unital homomorphism tt : — > B{Z), and 
bounded linear operators T :% ^ Z and S : Z ^ H such that 

4>{a) = STr{a)T 

for all a E £/. In the case that the Banach algebra is an abelian purely atomic von 
Neumann algebra and "H is a Hilbert space, and (f) is normal (i.e. ultraweakly 
continuous) , then there is a normal dilation tt (Theorem 14. 7|) . If is not cb then 
the dilation space cannot be a Hilbert space; the normality of the dilation is with 
respect to the natural ultraweak topology on B{Z). It is not known the extent to 
which this result can be generalized (i.e. achieving normality of the dilation) . 

4.1. Algebraic Dilations 

Proposition 4.1. If A is unital algebra, V a vector space, and : A — > L{V) 
a linear map, then there exists a vector space W, a unital homomorphism tt : yl — > 
L{V), and linear maps T : V ^ W , S : W ^ V , such that 

^(•) = 5^(-)T. 

Proof. For a e A,x e V, define aa,x G L{A, V) by 

aa.x{-) 4){-a)x. 

Let W := span{aa,x : a E A,x G V} C L{A,V). Define tt : A L{W) by 
T:{a){ai,_x) ■— OLah,x- It is easy to see that tt is a unital homomorphism. For x E V 
define T : V L{A,V) by Tx := aj^x = <i>{-I)x = (t){-)x. Define S : W ^ W 
by setting S{aa.x) '■— 4>{a)x and extending linearly to W. If a E A,x E V are 
arbitrary, we have S'!i{a)Tx — ST:{a)ai^x = Saa,x = 4>{a)x. Hence = SnT. □ 
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4.2. The Commutative Case 

We first examine a mapping from tlie commutative C*-algebra £oo into B{'H) 
wlriclr is induced by a framing on a Hilbert space %. Here ^oo means with respect 
to a countable or finite index set J, and it is well known that every separably 
acting purely atomic abelian von Neumann algebra is equivalent to some £oo via an 
ultraweakly continuous ^-isomorphism. 

Theorem 4.2. Let % be a separable Hilbert space and let (xi,yi) be a framing 
ofH. Then the mapping (j) from £oo into B{'H) defined by 

4>: loo^ Bin), {ui) GiXi (g) yi 

is well-defined, unital, linear and ultraweakly continuous. 



Proof. Since {xi,yi) is a framing of H, for any x € 

X = ^{x,yi)xi 

i 

converges unconditionally. 

For any (a^) € coo, define a bounded operator U(ai) as follows 

U(^ai)-'H^n, U(a,){x) ^^ai{x,yi) Xi. 

For any x ^ H, since '}2n{x,yi)xi converges unconditionally, by |DJTj Theorem 
1.9, we know that 



sup > bi{x,yi)xi 



< +00. 



Thus, 



sup II C/(ai) (a;) II < sup llS^bi {x,yi) Xi 

(aOe-Bi(coo) (6i)6-Bi(foa) " 



Then by the Uniform Boundedness Principle, 

sup ||t^(a,)|| < 
(ai)e-Bi(coo) 

It follows that 

sup sup Wy^cTi {x,yi) Xi < +00. 

xeBiiV.) (o-i)cD II 

Thus, for all (aj G ioo and x E H, 

l^ai {x,yi) x.i < Ku\\a^\\e^\\x\\. 
Hence F is well-defined, unital, linear and bounded with 

\\F\\B(e^,B{-H)) < Ku- 

Now we prove that F is ultraweakly continuous. If there is a net (a^) converges to 
in the ultraweakly topology, then for any (7^) S £1, J2 o-ili ~^ 0- Let T belong to 
the trace class SiCH). By the polar decomposition, T = U\T\ where C/ is a partial 
isometry. Moreover, recall that Si{7i) is the subset of the compact operators K{T-L), 
\T\ is a self-adjoint compact operator. Thus there is an orthonormal basis (e^) and 
a sequence > so that 
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with llTlIsi = tr{\T\) = Y.z^i < oo- Then for all (a^) G ioo,{lj) G h and 
(uj), {vj) C -Bi('H), we have 



^^\ailj {uj,yi) {xi,Vj)\ 



< 


II K) 


oo ^ 




UK) 


i 




UK) 


ooEl 

i 


< 


II K) 


ooEl 

i 


< 


K) 


ooEl 



Yldij{uj,yi) {xi,Vj) 

{Uj,yi}Xi,Vj 

E^M {uj^yi)xz 



sup 



-K'u < oo, 



where 6ij = sgn{{uj,yi) {xi,Vj)}. So we have 

EE I'^i^'^J i^^hVi) {xi,ej) \ < oo 



and 



Therefore 



E 



^\j{Uej,yi) {Xi,ej) 



< 00. 



3 

j 

i i 

which converges to 0, as claimed. 



□ 



The main purpose of this section is to show that for every ultraweakly contin- 
uous mapping (/) from a purely atomic abelian von Neumann algebra A into 
we can find a Banach space Z, an ultraweakly continuous unital homomorphism tt 
from A into B{Z), and bounded linear operators T and S such that for all a G A, 

(l){a) = STr{a)T. 
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This result differs from Stinespring's dilation because the map (j) here is not neces- 
sarily completely bounded and consequently the dilation space is not necessarily a 
Hilbert space. 

While the ultraweak topology on B{T-L) for a Hilbert space H is well- understood, 
we define the ultraweak topology on B{X) for a Banach space X through tensor 
products: Let X he the tensor product of the Banach space X and Y. The 
projective norm on X (8) y is defined by: 




E 

i=l 



Xi (g) yi 



We will use X®/\Y to denote the tensor product X®Y endowed with the projective 
norm || • ||a- Its completion will be denoted by X®Y. From [R] Section 2.2, for any 
Banach spaces X and Y, we have the identification: 

{X®Y)* = B{X,Y*). 

Thus B{X,X**) = {X^X*)*. Viewing X C X** , we define the ultraweak topology 
on B{X) to be the weak* topology induced by the predual X(E)X*. We will usually 
use the term normal to denote an ultraweakly continuous linear map. 

The following lemma generalizes Theorem 14.21 and will be used in the proof of 
Theorem 14.41 of this section. The proof is similar to that of Theorem 14.21 and we 
include a sketch for completeness. 

Lemma 4.3. Let X be a Banach space and let E' : 2^*^ — > B{X) be an operator- 
valued measure on (N, 2^). Denote E{{i}) by Ei for all i G N. Then the mapping 
(j) from £ac into B{X) defined by 

: £oo B{X), (oj) 1-^- ^ a^Ei 

is well-defined, linear and ultraweakly continuous. 

Proof. Since i? : 2^ — > B{X) is an operator-valued measure on X, we have 
for all X e X, 

Y,E,{x) 

i 

converges unconditionally. Similar to the proof in Theorem 14. 2[ we get that 



sup sup 

xeBi{X) ((Ti)ci 



y^^aiEi{x] 



< +00, 



and so for all (a^) G £00 and x € X, we have 



y^aiEi{x) 



< Ku\\a. 



Thus (j) is well-defined, linear and bounded with 

\\4'\\B(e^,B(x)) < Ku- 

For the ultraweakly continuity of </>, let (a^) be a net converging to in the 
ultraweak topology. Then for any (7^) £ £1, J2'^ili ^ 0- Let w e X^y^X*. Then 
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» 3 



< 



there is a pair of sequences {uj,Vj) C ^/{O} x X*/{0} with the property that 
J2 ll^jllll^jll < 00 ^■iid = X^Wj (Sit^j. Thus for all (aj) e ioo, we have 

i 3 

3 i 



here 6*, j = sgn •( ( 



Thus wo get that 

E E ^^■) I = E E vj) I = ^ |a,^| ^ I {Eiiuj), vj) I < 00 



3 « 

and 



So 



E E^^*("j')'^j'^ 



Therefore 



/ i 

= E^E«»^^'("^)'^^-^ 
= EE«i'<^'("i)'^j) 
= E«^'E<^i("^)'^j) 
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converges to 0, as expected. □ 

Theorem 4.4. Let H he a separable Hilbert space and cj) : ^oo(N) — >■ B{l-L) such 
that = I and 0(e„) is at most rank one for all n e N, where e„ = X{n} o-n-d 1 
is the function 1 in . Then the following are equivalent: 

(i) 4> is ultraweakly continuous, 

(ii) the induced measure E defined by defined by E{B) — ipiJ^n&B S") /"'^ '^'^2/ 
J5 C N is an operator-valued measure; 

(Hi) (j) is induced by a framing (a;„, ?/„) for %, i.e, 



(E 

neN 



SOT 



a„e„) = ^ anXnf^V' 



Proof, {i) {ii) and (i) (iii) are obvious from the definition of an operator 
valued measure and the ultraweakly continuity of cf). (ii) => (z) follows from Lemma 
(Hi) (i) follows from Theorem 14.21 □ 



Corollary 4.5. Let H he a, separable Hilbert space and cj) : £oc ^ B{'H) 
such that = / and (^(e„) is at most rank one for all n e N. Then there 

exist a separable Banach space Z, an ultraweakly continuous unital homomorphism 
TT : £oo B{Z), and bounded linear operators T : H ^ Z and S : Z ^ % such 
that 

4>{a) — STr{a)T 
for all a E £oo, and 7r(e„) is rank one for all n £ N. 

Proof. By Theorem 14. 4[ is induced by a framing (x„,y„) for H. Thus by 
Theorem 4.6 in |CHL| {xn,yn) can be dilated an unconditional basis {w„} for a 
Banach space Z (Hence Z is separable). Let tt be the induced operator valued 
map by (ua,u^) (where {w^} is the dual basis of {u\}). Then tt satisfies all the 
requirements. □ 

By using our main dilation result in Chapter 2 we are able to generalize the 
above result to more general ultraweakly continuous operator valued mapping. 

Theorem 4.6. Let 4> : £oa B(%) be an ultraweakly continuous linear map- 
ping. Then there exists a Banach space Z, an ultraweakly continuous unital homo- 
morphism TT : loo ^ B{Z), and bounded linear operators T :% ^ Z and S : Z ^ % 
such that 

(f){a) = S'!T{a)T 

for all a G £oo- 

Proof. Let E : 2^ Bin) be defined by 

E{N) = (/)(xAr) for aU iV C N. 

If (Ni) is a sequence of disjoint subsets of N with union N, then it follows easily that 
XNi converges to xn under the ultraweak topology of £oo- Since 4> is ultraweakly 
continuous and x ^ y belongs to the trace class Si{TL) for all x,y G TL,we get that 



{E{N)x, y) = {4){xn)x, y) = (t>{xN){x ® y) 
^Hxm){x<»y) = ^{(t)ixNi)x,y) 
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Thus : 2^ — )■ B{'H) is an operator- valued measure on (N, 2^). Let 



(ri, E, Me,m, Pm, Sm,Tm) 



be its minimal dilation system. By Lemma |4.3[ the mapping tt from £oo to B{Me) 
defined by 



is an ultraweakly continuous unital homomorphism. Moreover, for all (a^) € ^^ 
and X G we have 



Since every separably acting purely atomic abelian von Neumann algebra is 
equivalent to some £00 via an ultraweakly continuous ^-isomorphism, we immedi- 
ately get the following: 

Theorem 4.7. Let A be a purely atomic abelian von Neumann algebra acting 
on a separable Hilbert space. Then for every ultraweakly continuous linear map 
<j) : A ^ B{'H), there exists a Banach space Z, an ultraweakly continuous unital 
homomorphism tt : £00 B{Z), and bounded linear operators T : % ^ Z and 
S : Z ^ H such that 



for all a A. 

Every ultraweakly continuous linear map </) : L°°(r2,S,/x) — >■ B{H) induces an 
OVM E : S) B{H). Please notice that here E is absolutely continuous with 
respect to ^, E ^ /i, that is, n{E) = implies E{E) = 0. 

Lemma 4.8. If E : (51, S) — > B{'H) is an OVM, and if fi is a non-negative 
scalar measure on (51, S) such that E fj, (that is, E is absolutely continuous 
with respect to 11), then there exists a bounded linear map cf) : L°°[jj) — >• B{'H) that 
induces E on (fl,E), (that is, E{B) — (}){xb) for all B G S). 

Proof. For any simple function X]r=i ^iXBi with disjoint Bi E S, define 
HJ27=i'^iXBi) = E"=i"»-E^(-Si)- If = YJjLiPjXAj for disjoint Bi 

and disjoint Aj, then Yll=i Z)jLi(Q^i ~ P])XB,r\Aj = 0. Thus, if - Pj ^ 0, then 
/i(Bi n ^j) = 0. By < /i, we obtain that (t>{Ylll=i "jXsJ = ^(LiLi PjXA^), is 
well-defined on the subspace of all simple functions in L°°{fi). To prove that (j) is 
linear, we only need to notice that J2i=i ctiXB, + Sjli PjXAj = ^"=1 YljLii^^i + 
Pj)XBinAj- For the boundedness, we need the following uniformly boundedness 
first, since sup^^j^ ||i?(i3)|| < 00, it is easy to obtain that 




SM'^{a-i)TMX = Sm 2. (^iPM{{i})Ex,n = Sm 



This completes the proof. 



□ 



(^(a) — STr{a)T 



n 
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Then we have 




sup ^\a^{E{Bi)x,y)\ 

II^IMl!/ll<l~t 



< 



sup \{E{Bi)x,y)\ \ max \ai 

^\M,\\y\\<^~~{ y i<*<" 



Because the simple functions are dense in L°°{fi), the conclusion follows. 



□ 



For an OVM E : (51, E) -> B{H), where 7J is a separable Hilbert space, there 
always exists a non-negative scalar measure /i on (fi, E) such that E <^ ^ holds. 
Then we immediately get that 

Corollary 4.9. If E : (17, E) B{'H) is an OVM, then there exists ^ which 
is a non-negative scalar measure on (51, E) such that E <^ fi, and a bounded linear 
map (/) : L°°{fJ-) B{n) that induces E on {VI, E). 



We remark that the conclusion of Corollarv l4.9l actuallv holds for more general 
von Neumann algebras |BW] : Let A he a. von Neumann algebra without direct 
summand of type l2- Then every bounded and finitely additive i3(iJ)-valued mea- 
sure (c.f. [BWj for definition) on the projection lattice of A can be uniquely extend 
to bounded linear map from A to B{H). We include Lemma |4!8] and Corollarv 14.91 
here since they are directly related to the following problem. We think if the answer 
to Problem C is positive then a solution might be along the lines of the proof of 
Lemma [ 



Problem C.het E 

uous map (j) : L°°{fi) 



{il, E) B{T-L) be an OVM. Is there an ultraweakly contin- 
B{n) that induces E on {Q., E)? 



4.3. The Noncommutative Case 

Theorem 4.10. /Banach Algebra Dilation Theorem/ Let £/ be a Banach 
algebra, and let <j} : — > B{'H) be a bounded linear operator, where H is a Banach 
space. Then there exists a Banach space Z, a hounded linear unital homomorphism 
TT : — >■ B{Z), and bounded linear operators T :% ^ Z and S : Z ^ T-L such that 

(j3{a) = STr{a)T 

for all a G £/. 

Proof. Consider the algebraic tensor product space ^ H, and define a 
B(.s/,'H) operator tensor norm with respect to (j) as follows: for any a € and 
X £ %, identity a® x with the map a — >■ H defined by 



(a ® x){h) — (l>{ba)x. 
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Then a x is a bounded linear operator from ji/ to H with ||a (g) x\\B(j^,n) ^ 
|a||||a;||. So this defines a quasi- norm on ^ ^H. Let 



K, i i 



' Xi\\B{s!^,'H) = I 



and i^®^'H/N be the completion of the norm space ^ ® 'KjM . 
For any s^, let us define 7r(a) : ^ 'H/^ .g/ (g) 'H/^ by 



7r(a) ^y^gj (g) = ^(aaj) 



ajj. 



Assume that / = ctj a;, = X^^i &j ® Ui- Then we have 

7r(a) tti a;i^ (6) = ^^(aaj) (6) 
= ^ (l){baai)xi 



^ a, {ha 



= f{ba), 



and 



= ^<i){babj)yj 



\^hj®yjj {ha) 
f{ba). 



Therefor 7r(a) is well defined. 
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The boundedness n{a) (with ||7r(a)|| < ||a||) foUows from 
lk(a)(/)|| = 



7r(a) ^X]'^' ® 



sup 

beB^ 



sup 

beB^ 



< 



sup 

beB^ 



sup 

beB^ 



sup 

beB^ 



4>{baai)x 

(l){hai)xi 

i 

(g) (6) 



51 «i 



Extend 7r(a) to a bounded linear operator on s/®^'H/M which we still denote 
it by 7r(a). Thus tt : ^ ^ s^^^'H/M is a bounded linear operator. Moreover, 



7r(a6) Oj (g) 



= 7r(a) ^^(6aj) (g 
= 7r(a)7r(6) ^ (g 



Hence 

7r(a6) = 7r(a)7r(&), 
and therefore tt is a homomorphism. 

Define T -.U^ s^^^UlM by T{x) = 1 (g x. Since 

\\T{x)\\ = 

= sup 11(1 g) x) (a) 

= sup \\(t>ia)x\\ 

aQB^ 

< sup II a 

a&Bd 
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we have that T is a bounded Hnear operator with ||r|| < \\(t>\\. 

Define S : £^ ® T-L/N — > H by S{a ® x) — E{a)x and hnearly extend S to 
^ ® T-L/N ■ It is easy to check that S is weU-defined. Since 

\\S{a®x)\\ = \\<p{a)x\\ 

< sup ||0(6a)x|| 

beB^ 

= sup II (a ® x) {b)\\ 

beB^ 

= ||a(g)x||, 

we have that 5 is a bounded hnear operator with ||S'|| < 1. Extend S* to a bounded 
hnear operator from i^®(pH/M to which we stiU denote it by S. 
FinaUy, for any x € Ji we have 

Sn{a)T{x) = Sp{a) (1 (g) x) 

= S{a(g>x) 

— (I){a)x. 

Thus (t>{a) = S7r{a)T. □ 

Remark 4.11. Consider the construction of the dilation space in Theoreni l4.101 
and compare it with the construction of the dilation space in Theorem 14.71 In the 
first case we take the algebraic tensor product ®T-L considered as a linear space of 
operators in Ti) to obtain a quasi-norm on ®T-L which we denote || • Wb^b/,^.)- 

Then we mod out by the kernel to obtain a norm on the quotient space, and then 
we complete it to obtain a Banach space. If we began this construction by using 
a dense subsalgebra of ^ instead of s^/ itself, then the construction goes through 
smoothly, and the dilation space is the same. In the case of the second space we 
work with £^ = looi and the reader can note that we start with the algebraic 
tensor product of the dense subalgebra jz/q — {X^^iX-Ei '■ Ci £ C,Ei £ S} with H, 
and define a special "minimal" quasi-norm || • ||i on it as in Section 2.4, then mod 
out by the kernel, and complete it to obtain the dilation space. In both cases we 
could begin with the dense subalgebra jz/q of £oo, form the algebraic tensor product 
£^0 ^ €oo, and put a quasi-norm on the space. It is easy to show that these two 
quasi-norms are equivalent in the sense that each one is dominated by a constant 
multiple of the other. Hence the dilation spaces of Theorem 14.71 and Theorem 14. 101 
are equivalent for the special case £/ = £oo- 

As with Stinespring's dilation theorem, if A and H in Theorem 14 . 1 01 are both 
separable then the dilated Banach space Z is also separable. However, the Banach 
algebras we are interested in include von Neumann algebras and these are generally 
not separable, and the linear maps (j) : A ^ B{H) are often normal. So we pose 
the following two problems. 

Problem D. Let K, H be separable Hilbert spaces, let A C B{K) be a von Neu- 
mann algebra, and let : A — B{H) be a bounded linear map. When is there a 
separable Banach space Z, a bounded linear unital homomorphism -k : B{Z), 
and bounded linear operators T ■.V. Z and S : Z ^ H such that 

(j){a) = STr{a)T 

for all a e ? 
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Problem E. Let A C B{K) be a von Neumann algebra, and cj) : A ^ B{H) be a 
normal linear map. When can we dilate to a normal linear unital homomorphism 
TT : ^ B{Z) for some Banach space Zl 

Although we do not know the answer to Problem E, we do have the following 
result: 

Theorem 4.12. Let K,H be Hilbert spaces, A C B{K) be a von Neumann 
algebra, and (p : A ^ B{H) be a bounded linear operator which is ultraweakly-SOT 
continuous on the unit ball Ba of A. Then there exists a Banach space Z , a bounded 
linear homeomorphism n : A B{Z) which is SOT-SOT continuous on Ba, and 
bounded linear operator T : H ^ Z and S : Z ^ H such that 

4>{a) = STr{a)T 

for all a Cz A. 

Proof. We only need to prove that the bounded linear homeomorphism tt 
constructed in Theorem 14. 101 is SOT-SOT continuous. 

Assume that a net {a\} C Ba- It is sufficient to prove that — (SOT) 
implies that TT{a\) — > (SOT). Since {TT{ax)} is norm-bounded, we have that 
7r(aA) — > (SOT) if and only if TT{a\)^ — > in norm for a dense set of ^. Thus, we 
only need to prove that 

Tr{a\){a x) — {axa) (g) a; 

in the norm topology for all a S A and x G H. li this is not the case, then there 
exist i5 > 0, a subnet of {a\} (still denoted by {a\}), and {b\} C Ba such that 

\\{axa » x){bx)\\ = ||(^(6AaAa)(a;)|| > 5. 

Since on any norm-bounded set the WOT and ultraweak topology are the same 
(and in particular the unit ball is compact in both topologies), there is a subnet 
of {bx} (still denoted by {b\}) converges to some element b E Ba in the ultraweak 
topology (or WOT). Thus, from our hypothesis that oa — > (SOT), we get that 
b\a\a — )• (SOT). This implies that b\a\a — )■ in ultraweak topology (or WOT), 
and therefore ip{b\a\a) — )■ (SOT) since ultraweakly-SOT continuous on Ba- This 
leads to a contradiction. □ 

Corollary 4.13. Let K,H be separable Hilbert spaces, A C B{K) be a von 
Neumann algebra, and 4> : A ^ B{H) be a bounded linear operator which is 
ultraweakly-SOT continuous on Ba- Then there exists a separable Banach space 
Z, a bounded linear homeomorphism tt : A — >■ B{Z) which is SOT-SOT continuous 
on Ba^ and bounded linear operator T : H ^ Z and S : Z ^ H such that 

(f){a) = STr{a)T 

for all a E A. 

Proof. By Theorem 14.121 there exists a Banach space Z, a bounded lin- 
ear homeomorphism tt : A -> B(Z) which is SOT-SOT continuous on Ba, and 
bounded linear operator T : H ^ Z and S : Z ^ H such that (p{a) = Sn{a)T for 
all a E A. Since K is separable, there is {flij^i SOT dense in Ba- Define 

Z = spanllH{7r(ai)r(/i) : I < i < oo,h E H}. 
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Then Z is separable since H is separable. Moreover, the SOT-SOT continuity of tt 
(restricted to the unit ball of A) implies that t:{A)Z C Z and 7r{A)T{H) C Z. Let 
V : Z ^ Z he the inclusion linear map. Then 

(j)ia) = SV-\{a)VT, W a e A. 

Let 7r(a) — V~^Tr{a)V acting on Z. Then tt is a dilation of <j) on the separable 
Banach space Z and fr : A ^ B{Z) is also SOT-SOT continuous when restricted 
to the unit ball of A. □ 

Remark 4.14. Dilations and the similarity problem: Let ^ be a C*-algebra. In 
1955, Kadison |K1| formulated the following still open conjecture: Any bounded 
homomorphism tt from a C*-algebra into the algebra B{H) of all bounded 
operators on a Hilbert space H is similar to a *-homomorphism, i.e. there is 
an invertible operator T e B{H) such that Ttt{-)T^^ is a *-homomorphism from 
^ to B{H). This problem is known to be equivalent to several famous open 
problems (c.f. [Pij ) including the derivation problem: Is every derivation from 
a C*-algebra £/ C B{H) into B{H) inner? While Kadison's similarity problem 
remains unsettled, many remarkable partial results are known. In particular, it is 
well known that tt is similar to a *-homomorphism if and only if it is completely 
bounded. It has been proved that a bounded unital homomorphism tt: jz/ — > B{H) 
is completely bounded (and hence similar to a ^-representation) if ^ is nuclear 
[Bunl [Chrj : or if jz/ = B{H), or more generally if £/ has no tracial states; or if 
is commutative; or if ^ is a J/i-factor with Murry and von Neumann's property F; 
or if TT is cyclic |Haa) . Therefore if belongs to any of the above mentioned classes, 
and (p : £/ ^ B{H) is a bounded but not completely bounded linear map, then the 
dilation space Z in Theorem 14.101 [Banach algebra dilation theorem] can never be 
a Hilbert space since otherwise tt : jz/ — > B{Z) would be completely bounded and 
so would be (f). On the other hand, if there is a non completely bounded map (fi 
from a C*-algebra to B{H) that has a Hilbert space dilation: vr : jz/ — ?> B{Z) (i.e., 
where Z is a Hilbert space), then it would be a counterexample to the Kadison's 
similarity problem. So we have the following question: Is there a non-cb map that 
admits a Hilbert space dilation to a bounded homomorphism? 

Remark 4.15. For a countable index set A, there is a 1-1 correspondence be- 
tween the set of (discrete) framings on a Hilbert space T-L indexed by A and the set 
of ultraweakly continous unital linear maps from •^oo(A) into B{'H). Here, unital 
means it takes the function 1 in £oo(A) to the identity operator in B{T-L). There 
is also a 1-1 correspondence between the set of (discrete) framings on a Hilbert 
space T-L indexed by A and the set of purely atomic probability operator- valued 
measures on the ct- algebra of all subsets of A with rank-1 atoms ui B{T-L). So we 
have a space of ordered triples which consists of a discrete framing, a purely atomic 
operator- valued probability measure with rank-1 atoms, and an ultraweakly conti- 
nous unital linear map from an purely atomic abelian von Neumann algebra into 
B{'H) where each minimal projection is sent to a rank < 1 operator. Each item in 
a triple determines the other items uniquely. There is a consistent dilation theory, 
where the dilation of the discrete framing, the operator-valued measure, and the 
ultraweakly continous unital linear map, all have the same dilation space and the 
dilation procedure commutes with the correspondences in the triple, i.e. when we 
go from framing to OVM to linear map and then dilate each one to get a dilated 
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triple, it will be the same as if we dilate any one and then derived the other two 
from it in the natural way. Similarly for a more general index set A (i.e. compact 
or locally compact, whatever is more suitable) there are connections among the set 
of operator- valued probability measures on A taking values in i3('H) for a Hilbert 
space T-L, the set of unital ultraweakly continuous maps from ^tx3(A) into B{T-L), and 
their corresponding dilation theory. Although not every ultraweakly continuous 
unital linear mapping is associated with a (continuous) framing, there are many 
ultraweakly continuous unital linear mappings that are induced by framings. For 
this reason we can view ultraweakly continuous unital linear mappings from £00 (A) 
to Biji) as abstract framings, which is the commutative theory because the domain 
of the map is a commutative von neumann algebra. When we pass to the noncom- 
mutative domains, the dilation theory for various linear maps can be viewed as a 
noncommutative (abstract) framing dilation theory. 



CHAPTER 5 



Examples 

We provide the details of the two examples mentioned in the introduction 
chapter. Our first example shows that there exists a framing for a Hilbert space 
whose induced operator valued measure fails to admit a Hilbert space dilation. 
Equivalently, it cannot be re-scaled to obtain a framing that admits a Hilbert space 
dilation. The construction is based on an example of Ozaka |Os] of a normal 
non-completely bounded map of ^°°(N) into B(H). 

Theorem 5.1. There exist a framing for a Hilbert space such that its induced 
operator-valued measure is not completely hounded, and consequently it can not he 
re-scaled to ohtain a framing that admits a Hilhert space dilation. 

Since if a framing admits a Hilbert space dilation, then the induced operator 
valued map is completely bounded and a re-scaled framing induces the same op- 
erator valued map, we only need to show that there exists a framing for a Hilbert 
space such that its induced operator-valued measure is not completely bounded. 
We need the following lemmas. 

Lemma 5.2. Let {A„} he a sequence of finite-rank hounded linear operators on 
a Hilhert space H such that 

(i) A^A^ = AmAn = for all n ^ m; 

(a) there exist mutually orthogonal projections {P„} such that An — P„A„P„ 
for all n. 

(Hi) converges unconditionally to A E B{H) with the strong operator 

topology. 

Assume that An has the rank one operator decomposition An = Qn.i + ---+Qn.k„ 
such that for any suhset A of Jn '■= {(n, 1), (n, fc„)} we have \\J2jeAQj\\ — 
||yl„||. Let J be the disjoint union of Jn {n — 1,2,...). Then the series ^j^jQj 
converges unconditionally to A. 

Proof. Let x E H. Without losing the generality we can assume that x E PH 
where P = ^n- Let e > 0. Then there exists N such that 

N 

\\Y,PnX-x\\<e/2\\A\\. 

n=l 

Now let {je}'^i be an enumeration of J and let L be such that {ji, j'^} contain 

U^^i Jn- Write x = xi -\- xq with xi = Y^n=i P^iX and xq = {Y,n=i Pn)^x. Then 
for any L' > L, we get 

L' N N 

^QnX = ^^QnX+ QhX = YAnX+ ^ Qj.xo 
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where we use the property that kl' Qh^'^ — 0- Moreover, from our as- 

sumptions on {A„} and their rank-one decompositions we also have 

II Qj.^o||<sup{P„}<||^|| 

and 

N N 
^ ^ A-nX = A ^ ^ PnX- 
n—1 n—1 

Therefor we get 

L' N 

\\Y,Qh^-M\ < ll^^n^a^-^xll + II ^ Qj.xoW 

1=1 n=l ji,^J„,l<L' 

N 

< Pll • ||^P„x-a:|| + Pll • ||a;o|| 

ri=l 

= 2||A||.||xo|| <e. 

This completes the proof. □ 

Lemma 5.3. Let A be a rank-k operator. Then there exists rank-one decompo- 
sition A — X^iLi Qi such that \\ X)ie/ *3ill — ll^ll /'''^ '^'^2/ subset I of {1, 2, k}. 

Proof. Let A = U\A\ be its polar decomposition and write |A| = J2i=i Xi®Xi. 
Then we have 1 1 X^ie/ I ^ II ^i=i Xi®Xi\\ = \\A\\. Let Qi = Uxi (g) Xi. Then 

we get 

II^Qill = \\uYxi(»Xi\\ 
iei iei 

< llt^ll • iiX!^»'^^^ii 



< wy^^xi Xj 



iei 

k 



< II Xi (g) Xj 



i=l 



holds for any subset / of {1, 2, k}, as claimed. □ 

Now we prove Theorem 15.11 By Lemma 2.4 (or Lemma 2.1) in |Os| there 
exists a a-weakly continuous bounded hnear map ip from (B'^^ii^ into ffij^^-^s" 
(as a subalgebra acting on H := ©C^ ) which is not completely bounded and 
ip = (B'^^i^l^n, where ipn ■ (-"^ ^ -^2" and is the algebra of 2" x 2"-matrices. 
Let S„ = Er=iV'(er), where e C such that ef(j) = and let B = iP{e) 
where e € ©J^Li^^ is the unital element. Let P„ be the orthogonal projections 
from H onto . Without losing the generality we can assume that ||-0|| < 1. Let 
An ~ Bn -\- Pn- Then {An} satisfies all the conditions (i)-(iii) in Lemma [5.21 and 
X^j^ An converges to A = B + 1 unconditionally in the strong operator topology. 
By Lemma 15.31 we can decompose each An = Qn,i + ••• + Qn.k„ such that for 
any subset A of J„ := {(n, 1), (n, fc„)} we have \\J2jeA QjW ^ ll^nll- Thus, by 
Lemma [5?2l J^jejQj converges unconditionally to A. Write Qj = xj (?)yj, and 
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let Uj — A^^Xj. Then {uj,yj} form a framing for H since Hi converges 

unconditionally to / in the strong operator topology. 

We claim that the induced operator- valued map $ : 1°°{J) — > B{H) is not 
completely bounded. In fact, if it is completely bounded, then operator valued 
map ^ by {xj,yj} will be completely bounded. By embedding naturally 
to £°°{J), we can view ffi^i^Jf as a subalgebra of £°°{J), and so the restriction 
of ^' to this subalgebra is + id, where id is the natural embedding of 
into B{H). This ij} + id \s completely bounded and so "0 is completely bounded 
since the embedding map id is completely bounded. This leads to a contradiction. 
Therefore $ : £°°(J) — B{H) is not completely bounded, and thus {uj,yj} it can 
not be re-scaled to obtain a framing that admits a Hilbert space dilation. □ 

Next we examine Example 3.9 of [CHLj . which gave the first apparently non- 
trivial example of a bounded framing for a Hilbert space which is not a dual pair 
of frames. A natural, geometric, Banach space dilation of it was constructed in 
[CHLj . along with a proof that it did not have any Hilbert dilation space. Both 
the construction and the proof was nontrivial, and both were sketched out in [CHL] 
without providing great detail. It was thought for a long time that this example 
might be a key to this subject. But when we were finalizing this paper we found 
a proof that this example can, in fact, be rescaled to give a dual pair of frames, 
in fact a pair which consists of two copies of a single Parseval frame. Since this 
example was a guiding example for a lengthy time, we include our analysis of it. 
After obtaining this result, since we knew we still needed a true limiting example 
for this theory, we managed to obtained the example in Theorem 5.1 above. The 
jCHL| example points out how extremely difficult it can be in general to determine 
when a given framing is scalable to a dual frame pair. 

Theorem 5.4. Example 3.9 in |CHL] can be re-scaled to a dual pair of frames. 

Proof. This result is very technical and it is a stand-alone result for the 
present paper because the details of the proof are not used anywhere else in this 
paper. So we must refer the reader to jCHLj for some of the terminology and 
Banach space background. With this in hand this proof can be handily worked 
through. 

Fix any 1 < p < oo and p ^ 2 and natural number n. Let {e"}^^]^ be a 
unconditional unit basis of £p" and {(e")*}f2i be the dual of {e"}^^^. We denote 
the Rademacher vectors in i"^ by {r"}"^]^, where 

2" 

~ 2"/p ^ 

j = l 

with 1 1 1 1 ^2" — 1 and ey satisfying the condition 

2" 

^ij^kj = Sik ■ 2". 

Then {f"}"^]^ are linearly independent because they are the Rademacher vectors. 
So Wn = span{r"}"^^ is a n-dimensional subspace of ip" . For any J27=i ^i^? ^ 
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we have 



n 








1=1 


p 



j=l j=l 



(5.1) 



2"/p 



2"/p 



EE 

i=i \i=i 



n 








i=l 





1/p 



Let sign(sin 2*7ri), « — 0, 1,-- - ,n be the Rademacher functions on [0,1]. By 
Theorem 2.b.3 in |LT| . we have 



aisign(sin 2Vi) 



2" 



E] aisign(sin 2 Vt) 

i=l 
n 

E 



dt 



E« 



Let Ap,Bp be the constants as in Theorem 2.b.3 in |LT] . Then for any {ai}^^^, we 
have 



Ea« 

i=l 



(^Ei^^i') ^ ^ I^E E«*e»j j 



< E 



1/2 



1/p 



< 



^P El 



1/2 



Thus from equation (jS.ip . we obtain 



^P El 



1/2 



< 



,i=l 



i=i 



< 



^P El 



1/2 



Let Hn be the span of {r", • • • , r^} with the inner product 

/ n n \ n 

( E E ) = E 



\i=i fe=i 

The induced Hilbert space norm is 



E 

i=l 



air. 



E|a. 



1/2 



H„ 
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and {»■",••• ,rJJ} is an orthonormal basis for Hn- Then Tin is a Hilbert space 
isometrically isomorphism to ^2- The spaces Hn and Wn are naturally isomor- 
phism as Banach space, being the same vector space with two different norms. Let 
Un ■ Wn — Hn, UnX = x be this isomorphism. 

Define a mapping P„ : Wn by the dual Rademachers 

1 ^" 

where l/p+ 1/g = 1. That is P„(x) = Er=i(^")*(^)^" any a; e £2". So we have 
^n(e^)=Er=i(^-)*(e^)C- Since 

we get that 

(5.2) P„(e^) = ^ ^e,.rr = ^ E 

i=l i=l 

and 

/ 1 " \ 1 " 

^n(e^) = E = E (^") • 

\ i=l / i=l 

On the other hand, since Ej=i ^ij^kj = Sik -2", we have 

V i=i / i=i 



On ■EE 

i=i \ fe=i / j=i fe=i 

n / 2" \ n 

^E E^^.^^.>^' = fE'5»^-2"-'^l' 
fe=i J fe=i 



So we get 



n 



On 

^ i=i 



1 " 

i—1 



So F„ is a projection from £2" onto W„ and -Pra(r") = r". 
To complete the proof, we need the following: 

Lemma 5.5. The projections Pn are uniformly hounded in norm. 
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This lemma can be deduced implicitly from standard results in the literature 
( c.f. [DJT; El IFHHMPZ] ). However we have not found it stated explicitly in 
any references. Thus for self completeness we include the following proof which was 
kindly shown to us by P. Casazza. It is short and self-contained but doesn't give 
the best uniform bound. 

In order to prove Lemma l5.51 we need the following results from Lindenstrauss 
and Tzafriri: 

Lemma 5.6. There are constants Ap,Bp so that if {riY^Li are the Rademacher 
vectors in i^, then for all scalars {fli}™ j^, we have 

\ 1/2 



1=1 





m 


/ ni 










i=l 




are the 


Rademacher vectors in 


/ m 


\ 1/2 




<Bp\\x\\. 



Proof. Givex G choose {aj™i sothatX;™i |a*P = land {YJHi \n{x){' 
Y^T=i o-inix). Then we get 

/ \ 1 /2 / \ 



.1/2 



El^''(^)l' 



^i=l 



1=1 



< 



E«» 



1/2 



i^ii E 



\\x\\^Bp\\x\\ 



□ 

Proof of Lemma l5.5t Let {ri}"^]^ (respectively, {r*}"^^) be the Rademachers 
in £p" (respectively, with l/p+ 1/q = 1. Then 

Now we check the norm of P„. Now, applying our Lemma |5 . 71 twice. 



\Pnix)\\ 



sup \fiPnix) 



sup 



E<(^)/('^^) 



1/2 



< sup ek*(^)P 

11/11.2" =1 

< sup Bq\\x\\Bp\\f\\ 

ll/IL2"=l 



Ei/(^ 



1/2 



BpBq\\x\\ 



We complete the proof of Lemma 15.51 
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Now we resume the proof of Theorem 15 .41 Let Z and W be the Banach spaces 
defined by 



and 

oo 

W = ^ ®2W„ = VFl ®2 ■ • • ®2 M^n W2 • ■ 

n=\ 

and let P be the projection from Z onto W defined by 

oo 

P = ^ 02^™ = Pi ©2 • • • ©2 P« € 



2" /TN 

2 



'2 



Since {e^}^li is the unconditional unit basis of l^", we obtain that 

e- ©20©2 ■■•©20©2 ■■• , i^l,2 
0®2 ®2 • • • ©2 0®2 • • • , i = 1,2,3,4 



^2---W2e"®20®2--- , i = l,2,--- ,2'^ 



is an uncondition basis of Z, and 

(e,^)* ®2 0®2 • • • ®2 0®2 • • • , i = l,2 

®2 (e,2)* ®2 • ■ ■ ®2 ®2 • • • , i = 1, 2, 3, 4 



®2 • • • ®2 (eD* ®2 ®2 • • • , i = 1, 2, • • • , 2" 



is the dual of this basis. Thus 

I P (0 ®2 • • • ®2 ®2 ®2 • • • ) , ^* (0 ®2 • • • ®2 (eD* ®2 ®2 • • • ) I 

L J i=l,--- ,2",n=l,2,-- 

is a framing of W, where 

oo 

P* = ^ ©2P,: - Pi* ©2 • • • ©2 P„* ©2 • • • , 

n=l 

and 

P* (0 ®2 • • • ®2 (eD* ®2 ®2 • • • ) = ®2 • • • ®2 P*(er)* ®2 ®2 • • • . 
Since each 

C/^n : W„ Hn, UnX = a; 
is an isomorphic operator, it follows that 

oo 

U = ®2Un ?7l ©2 ■ ■ • ©2 ©2 ■ ■ • 

n=l 

is an isomorphic operator. This implies that 

{[/ (0 ®2 • • • ®2 p„(er) ®2 ®2 • • • ) , (u-^y (0 ®2 • • • ®2 p,:(er)* ®2 o ®2 • • • ) }^^^ 
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is a framing of the Hilbert space "H, where 

oo 

H = Y^ ®2Un = 02 • • • 02 02 • • • • 



n=l 



Now we prove that this framing has a Hilbert space dilation. 

Take af = 2"(i/'?-i/2), i = 1, • • • , 2", n = 1, 2, • • • . For any /i = /ii 02 • • • 02 

h„®2 • ■ • & where /i„ = Y.k=i «fe'^fc ' " = 1, 2, • • • , 

{h, a^U (0 ®2 • • • ®2 Pn{ef) ®2 ®2 • • • ))„ 

= 2"(l/<'-l/2) (/ii ®2 • • • ®2 /l„ ®2 • • • , ®2 • • • ©2 [/„ (Pn(e")) ®2 ®2 • • • )^ 

From P„(ef ) = ^7^7^ X;j=i e^i^i > we get that 



fc=i j=i / fe=i 

Thus 

{K <U (0 ®2 • • • ®2 P„(er) ©2 ©2 • • • ))„ 



2"/9 

k=l 



(5.3) = 2-"/2^<e,,. 

fe=i 

On the other hand, 
1 



h, =^{U-'y (0 ©2 • • • ©2 P„*(er)* ©2 ©2 • • • ) 

2n(l/2-l/g) (/.^ ©2 • • • ©2 (t^-^ ) * (P„* (c,")*) ©2 ©2 • • • 

2"(i/2-V^)(/i„,(C/-i)*(P„*(e?)*))„^ 

2n(l/2-l/,)p*(^n)* (C/-^/in) 
2n(l/2-l/9)p*(g„)*(^^) 

2n(l/2-l/,)(g«)*(^^) 



2n(l/2-l/,)^gn)* (^^aKj 

n 

2n(l/2-l/,)^^n(gn^,^^„)^ 



fe=l 



Since 
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we have 



K =fliU-y (0 ®2 • • • ©2 P:{e7r ©2 ®2 • • • ) 



■H 



fc=i 



fe=i 



(5.4) 



2-n/2 

fc=l 



From (|5.3p and (|5.3I) . we know that 

(0 ®2 • • • ©2 PnWI) ©2 ©2 • • • ) = (0 ©2 • • • ©2 ^^^CeD* ©2 ©2 • • • ) ■ 

Now we show that 

(0 ©2 • • • ©2 P„(er) ©2 ©2 • • • ) I 

L J i=l, -- ,21,r^=l,2,■■■ 

is the Parseval frame of H. 

For any /i = /ii ©2 • • • ©2 /in ©2 ■ • • e where ft,„ = I]fc=i '^fe^'fe ; = 1, 2, • • • , 
we have 

00 00 n 

ii/ir = E 11^-11' = EE Ki'- 

n— 1 n— 1 fc— 1 

From X;Li e^jefej = (^ifc • 2", for any {ajjlfc^i^... we have 



2" 

/ ^ On 



E 

fc=i 



El 

fc=i 



Hence we get 



Therefore 



EEi<^'<^(o®2---®2/'„(er)©20©2---))-Hi 



2"/2 



n— 1 i—1 

00 2" 

EE 

n— 1 i—1 
00 2" ^ 

n— 1 i— 1 

00 n 

EEKi 

n=l 

m 



1 " 

V2 E 



E 



n=l /c=l 
|2 



{<t/ (0 ©2 • • • ©2 Pn(er) ©2 ©2 • • • ) }^^^ 
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is the Parseval frame of H . Finally by Theorem 13.81 '^e obtain that 

{iJ (0 ®2 • • • ©2 P„(er) ®2 ©2 • • • ) , iU~^T (0 ®2 • • • ©2 PrUe'ir ©2 ©2 • • • ) }^^^ 

has a Hilbert space dilation. This completes the proof of Theorem 15.41 □ 
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